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Volume estimation

Convex body: K C RY

Well-rounded: B(0,1) C K C B(0,/d)
Query access: For every x € R?, we can ask
“is x € K7

Volume estimation problem: Estimate Vol(K)

o Additive error: “extremely hard”
e Multiplicative error: “FPRAS”

Classically | Quantumly
[DF1]  O(%)

: ~ [CCH+19]  O(£2)
[Cvi5] O(%) [CH22] O(%2)

€
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Partition functions

@ Partition function: Z : R>g — R,

7(8) = /K o BIHP gx
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Partition functions

@ Partition function: Z : R>g — R,

7(8) = /K o BIHP gx
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Partition functions

@ Partition function: Z : R>g — R,
7(8) = / o BIHP gx
K

o Observations:
o Z(0) = Vol(K).
e Z(B*) independent of K for large 5*.
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@ Partition function: Z : R>g — R,
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@ Observations:
o Z(0) = Vol(K).
e Z(B*) independent of K for large 5*.
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o Observations:
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e Z(B*) independent of K for large 5*.
@ Partition function estimation:
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Partition functions

@ Partition function: Z : R>g — R,
7(8) = / o BIHP gx
K

o Observations:
o Z(0) = Vol(K).
e Z(B*) independent of K for large 5*.

@ Partition function estimation:
Approximate v := Z(0)/Z(5*).

@ Remarks: Z(0)
e Originates in statistical physics. 7(5*
e Many graph applications: (6%)

o Counting independent sets.
e Counting k-colorings.
e Counting matchings.
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).

Z(0)
Z(5%)
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).
e Algorithm: (3 steps)

Z(0)
Z(5%)
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).
e Algorithm: (3 steps)
@ Telescoping product:
Z(0) _ Z(Be—1) . Z(Be—2) Z(0)

7= Z(6%) T Z()  Z(Bew) Z()"

Z(0)
Z(5%)
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).
e Algorithm: (3 steps)

@ Telescoping product:
Z0) _ Z(Be—1)  Z(Be—2)

Z(0)

VT Z(5Y) T Z)  Z(Be—)

Z(Biy) [ el
° 26y ‘/K Z() ™
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).
e Algorithm: (3 steps)

@ Telescoping product:
Z0) _ Z(Be—1)  Z(Be—2) Z(0)

V= Z(6%) T Z()  Z(Bew) Z()"
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).
e Algorithm: (3 steps)

@ Telescoping product:
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Z2(By) ~———
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Xk(x)

k(%)
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).
e Algorithm: (3 steps)

@ Telescoping product:
Z0) _ Z(Be—1)  Z(Be—2) Z(0)

V= Z(6%) T Z()  Z(Bew) Z()"

Z(Biy) [ el
° 26y ‘/K Z() ™

_ 2
:/ e M (BBl gy
k Z(Bk) ~T———
——— Xi(x)

k(%)

= E [Xd].

X~V
@ Construct Markov processes, with
e Stationary distribution 7.
o Mixing time 7, < MT.
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).
e Algorithm: (3 steps)

@ Telescoping product:
Z0) _ Z(Be—1)  Z(Be—2) Z(0)

V= Z(6%) T Z()  Z(Bew) Z()"

Z(Biy) [ el
° 26y ‘/K Z() ™

_ 2
:/ e M (BBl gy
k Z(Bk) ~T———
——— Xi(x)

k(%)

= E [Xd].

X~V
@ Construct Markov processes, with
e Stationary distribution 7.
o Mixing time 7, < MT.
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Partition function estimation [DF91]

@ Problem:
Approximate v := Z(0)/Z(8*).
e Algorithm: (3 steps)

@ Telescoping product:
Z0) _ Z(Be—1)  Z(Be—2) Z(0)

Cost

V= Z(6%) T Z()  Z(Bew) Z()"

Z(Biy) [ el
° 26y ‘/K Z() ™

_ 2
:/ € [Z”) e~ (Beo1=BOlIXI? gy
Z2(By) ~———
KH,_/

Xk(x)

k(%)

= E [Xd].

X~V
@ Construct Markov processes, with
e Stationary distribution 7.
o Mixing time 7, < MT.

Classical | O (¢- 5 - MT)

Quantum, [HW20] 6<e- fi-MT)

Quantum, [CH22] (5(5. LMT)

(=0(/log7),
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Implications

Classical Quantum, [HW20]

Ot % -MT) (5(6-M§-MT>

Quantum, [CH22]
O (¢ /% M)

General (£ = O(\/log7)))
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Implications

Quantum, [CH22]

Classical Quantum, [HW20]

General (¢ = (\/W)))

Counting independent sets

Counting graph colorings

Counting graph matchings

Volume estimation
well-rounded convex body

A.J. Cornelissen (IRIF)

O(¢- % - MT) 5(6-\/§-MT> O (¢ /% M)
O (5. MT) O (2. VMIT) O (2. VNIT)
O(4F) O(M=) O(M=)
&%) o(4%) o(L:2)
(Ve j\ \) B(IVIER?,) (VL IER?)
0(%) O(%) O(47)
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New component: unbiased, non-destructive mean estimation

Goal: estimate = E [X]
X~

Assumption: ‘I’E‘*[;E]i] =0(1).
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New component: unbiased, non-destructive mean estimation

Goal: estimate = E [X]
X~

Assumption: ‘I’;[;E]Q] =0(1).

Input:
@ Binary oracle: Ox : |x) |0) — |x) | X(x))
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New component: unbiased, non-destructive mean estimation

Goal: estimate = E [X]
X~

Assumption: ‘I’;[;E]Q] =0(1).

Input: x) =
@ Binary oracle: Ox : |x) |0) — |x) | X(x))

Ox

= %)
= [X(x))

e A single copy of |m) =" +/m(x) [x)
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New component: unbiased, non-destructive mean estimation

Goal: estimate = E [X]
X~

Assumption: ‘I’;[;E]ﬂ =0(1).

Input: X7 ox [ IX(x))

@ Binary oracle: Ox : |x) |0) — |x) | X(x))

e A single copy of |m) =" +/m(x) [x)

o Reflections around |r)
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New component: unbiased, non-destructive mean estimation

Goal: estimate = E [X]
X~

Assumption: ‘I’;[;E]ﬂ = 0(1).

Input:
@ Binary oracle: Ox : |x) |0) — |x) | X(x))
e A single copy of |m) =" +/m(x) [x)

o Reflections around |r)

— [x) —
Ox X)) 2|m)m| — 1
™ estimation |
|
L
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New component: unbiased, non-destructive mean estimation

Goal: estimate = E [X]
X~

Assumption: Y21X] — O(1).

E[X]?

" 01 1 0% | ey, A=

@ Binary oracle: Ox : |x) |0) — |x) | X(x)) X

e A single copy of |m) =" +/m(x) [x) \/

o Reflections around |r)

o mean

Properties. ~ ™ estimation |

e Accuracy: \I/;E:][]‘é] < g2, H

e Unbiasedness: E[n] = p. i
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New component: unbiased, non-destructive mean estimation

Goal: estimate = E [X]
X~

Assumption: Y21X] — O(1).

E[X]?

" 01 1 0% | ey, A=

@ Binary oracle: Ox : |x) |0) — |x) | X(x)) X

e A single copy of |m) =" +/m(x) [x) \/

o Reflections around |r)

o mean

Properties: ™ estimation | )

o Accuracy: Y2l < .2

Y. EmR =€ H
e Unbiasedness: E[n] = p. i
e Non-destructiveness: |r) is restored.
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New component: unbiased, non-destructive mean estimation

Goal: estimate = E [X]
X~

Assumption: Y21X] — O(1).

E[X]2
inpu: N ox [y, 2R
@ Binary oracle: Ox : |x) |0) — |x) | X(x)) 10) — X ()
e A single copy of |m) =" +/m(x) [x) \/
o Reflections around |r)
. mean
Properties: - ™ estimation | )
e Accuracy: \I/;E:][]‘é] < g2, H
e Unbiasedness: E[n] = p. i

e Non-destructiveness: |r) is restored.

Cost: 5(%) reflections around |7).
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Unbiasedness [vVACGN22]
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Unbiasedness [vVACGN22]

@ Simplest case:

U 10) 5 /BIL) + VI~ 5[0).

@ Goal: Estimate p.
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Unbiasedness [vVACGN22]

@ Simplest case:
U:10)— /pl1)++/IT—=pl0).
@ Goal: Estimate p.

o Typical approach:
o G:=UR URy has eigenvalues eT27mi¢ \ith
p = sin’(m¢).
o Run phase estimation — q~3
o Compute p = sin?(7¢).
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Unbiasedness [vVACGN22]

@ Simplest case:
U:10)— /pl1)++/IT—=pl0).
@ Goal: Estimate p.
o Typical approach:
o G := UTRl URy has eigenvalues eT27mi¢ \ith
= sin?(7 ).
° Run phase estimation — .
o Compute p = sin?(7¢).
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Unbiasedness [vVACGN22]

@ Simplest case:
U:10)— /pl1)++/IT—=pl0).
@ Goal: Estimate p.
o Typical approach:
o G := UTRl URy has eigenvalues eT27mi¢ \ith
= sin?(7 ).
° Run phase estimation — q~3
o Compute p = sin?(7¢).
e Symmetrization: [LdW21]
e Run on e?™¢G.
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Unbiasedness [vVACGN22]

@ Simplest case:
U:10)— /pl1)++/IT—=pl0).
@ Goal: Estimate p.
o Typical approach:
o G:=UR URy has eigenvalues eT27mi¢ \ith
p = sin’(m¢).
o Run phase estimation — q~3
o Compute p = sin?(7¢).
e Symmetrization: [LdW21]

o Run on e?™¢G.
o E[e2™?] = C - ™%,
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Unbiasedness [vVACGN22]

@ Simplest case:
U:10)— /pl1)++/IT—=pl0).

Goal: Estimate p.

Typical approach:
o G := UTRl URy has eigenvalues eT27mi¢ \ith
= sin?(7 ).
° Run phase estimation — .
o Compute p = sin?(7¢).
e Symmetrization: [LdW21]
o Run on e?™¢G.
o E[e*™9] = C . e2™i¢,
= sin*(7¢) = 5(1 — Re[e*™?])
~ E[3(1 - FRefe? )
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Unbiasedness [vVACGN22]

@ Simplest case:
U:10)— /pl1)++/IT—=pl0).

Goal: Estimate p.

Typical approach:
o G := UTRl URy has eigenvalues eT27mi¢ \ith
= sin?(7 ).
° Run phase estimation — .
o Compute p = sin?(7¢).
e Symmetrization: [LdW21]
o Run on e?™¢G.
o E[e*™9] = C . e2™i¢,
= sin*(7¢) = 5(1 — Re[e*™?])
~ E[3(1 - FRefe? )]

o Lift to mean estimation routines [Mon15].
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Non-destructiveness

@ Goal: Restore |m).
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Non-destructiveness

@ Goal: Restore |m).
o Observations: After phase estimation:

e The state stays in a 2D-subspace:
Span{|r), }ﬂ'J‘>}.
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Non-destructiveness

@ Goal: Restore |m).

o Observations: After phase estimation:
e The state stays in a 2D-subspace:

Span{|m), |7 +)}.
o Measurement always gives |r) or [7).
e Probability transition matrix:
| m )
m | 9 1-gqg
7 [1-q 4
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Non-destructiveness

@ Goal: Restore |m).
o Observations: After phase estimation:

)
e The state stays in a 2D-subspace:
Span([r) )} Y
o Measurement always gives |r) or [7). A i)
e Probability transition matrix:
| ) |
T g 1-gq
7 [1-q 4
e Algorithm: [MWO5]
e Run phase estimation.
o Measure in {|x)(n|, |rtX7"|} basis.
o Repeat until |7).
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Non-destructiveness

@ Goal: Restore |m).

o Observations: After phase estimation: }ﬂ_L>
e The state stays in a 2D-subspace:
Span{|) , |7 1)}. ’ 1)
o Measurement always gives |r) or [7). ) i)
e Probability transition matrix:
| m )

m | a 1-gq
7)) |1-q ¢
e Algorithm: [MWO5]
e Run phase estimation.
o Measure in {|x)(n|, |rtX7"|} basis.
o Repeat until |7).
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Non-destructiveness

@ Goal: Restore |m).
o Observations: After phase estimation: }ﬂ_L>
e The state stays in a 2D-subspace:
Span{|) , |7 1)}. ’ 1)
o Measurement always gives |r) or [7). ) )
e Probability transition matrix:
| m )

M| a4 1-q
7 [1-q 4
e Algorithm: [MWO05]

e Run phase estimation.
o Measure in {|x)(n|, |rtX7"|} basis.
o Repeat until |7).

Expected no. iterations: 2.
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Non-destructiveness

@ Goal: Restore |m).
o Observations: After phase estimation: }ﬂ_L>
e The state stays in a 2D-subspace:
Span{|) , |7 1)}. ’ 1)
o Measurement always gives |r) or [7). ) )
e Probability transition matrix:
| m )

m | a 1-gq
7 [1-q 4
Algorithm: [MWO05]
e Run phase estimation.
o Measure in {|x)(n|, |rtX7"|} basis.
o Repeat until |7).

@ Expected no. iterations: 2.

@ Adds only constant overhead!
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Summary

@ Partition functions.
@ Algorithm outline.

@ Results.

Cost
Classical | O (¢- E% - MT)

Quantum, prev. @) <€- \/f—i -MT>
Quantum, new | O (6- 1/5% . MT)
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Summary

@ Partition functions.
@ Algorithm outline.

@ Results.
@ New component: mean estimation.

e Accuracy.
o Unbiasedness.
o Non-destructiveness.

Cost
Classical | O (¢- E% - MT)

Quantum, prev. @) <€- \/f—i -MT>
Quantum, new | O (6- 1/5% . MT)
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Summary

@ Partition functions.

@ Algorithm outline.
Open questions:

@ Results.
L 2
e New component: mean estimation. © Improve dependen~ce ‘2)256-
o Accuracy. @ Improvement on (’)(dT') for volume

o Unbiasedness. estimation?

o Non-destructiveness. o Lower bounds?

Cost
Classical | O (¢- E% - MT)

Quantum, prev. @) <€- \/f—i -MT>
Quantum, new | O (6- 1/5% . MT)

A.J. Cornelissen (IRIF) Sub-linear algo. approximating partition functions August 24th, 2023




Summary

@ Partition functions.

@ Algorithm outline.

Open questions:
@ Results. penq

. . Y ?
e New component: mean estimation. Improve dependence on ¢

~ 2.25
o Accuracy. @ Improvement on (’)(dT) for volume
o Unbiasedness. estimation?
o Non-destructiveness. o Lower bounds?
Cost
Classical | O (5‘ fz 'MT) Thanks for your attention!

Quantum, prev. O <€' /g -MT> cornelissen@irif.fr
Quantum, new | O (6- 1/6% : MT)

A.J. Cornelissen (IRIF) Sub-linear algo. approximating partition functions August 24th, 2023



References

[CCH+19] S. Chakrabarti, A. Childs, S. Hung, T. Li, C. Wang, X. Wu, Quantum
algorithm for estimating volumes of convex bodies, 2019.
[CH22] A. Cornelissen, Y. Hamoudi, A Sublinear-Time Quantum Algorithm for
Approximating Partition Functions, 2022.
[DF91] M. E. Dyer and A. Frieze, Computing the Volume of Convex Bodies: A Case
where Randomness Provably Helps, 1991.
[HW20] A. Harrow and A. Y. Wei, Adaptive Quantum Simulated Annealing for
Bayesian Inference and Estimating Partition Functions, 2020.
[LdW21] N. Linden and R. de Wolf. Average-case verification of the Quantum Fourier
Transform enables worst-case phase estimation, 2021.
[Mon15] A. Montanaro, Quantum Speedup of Monte Carlo Methods, 2015.
[MWO05]  C. Marriott and J. Watrous. Quantum Arthur-Merlin games, 2005.
A.J. Cornelissen (IRIF) Sub-linear algo. approximating partition functions August 24th, 2023

9/9



References

[SVV09]

[VACGN22]

D. gtefankovié, S. Vempala, and E. Vigoda, Adaptive Simulated Annealing:

A Near-Optimal Connection between Sampling and Counting, 2009
J. van Apeldoorn, A. Cornelissen, A. Gilyén, G. Nannicini, Quantum
tomography using state-preparation unitaries, 2022.

A.J. Cornelissen (IRIF) Sub-linear algo. approximating partition functions August 24th, 2023

9/9



