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Volume estimation

Convex body: K ⊆ Rd

Well-rounded: B(0, 1) ⊆ K ⊆ B(0,
√
d)

Query access: For every x ∈ Rd , we can ask
“is x ∈ K?”

Volume estimation problem: Estimate Vol(K )

Additive error: “extremely hard”
Multiplicative error: “FPRAS”
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Partition functions

Partition function: Z : R≥0 → R,

Z (β) =

∫
K
e−β∥x∥2 dx

Observations:

Z (0) = Vol(K ).
Z (β∗) independent of K for large β∗.

Partition function estimation:
Approximate γ := Z (0)/Z (β∗).

Remarks:

Originates in statistical physics.

Many graph applications:

Counting independent sets.
Counting k-colorings.
Counting matchings.
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√
d
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Z (β∗)

β∗
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Partition function estimation [DF91]

Problem:
Approximate γ := Z (0)/Z (β∗).

Algorithm: (3 steps)
1 Telescoping product:

γ = Z(0)
Z(β∗) =

Z(βℓ−1)
Z(β∗) · Z(βℓ−2)

Z(βℓ−1)
· · · · · Z(0)

Z(β1)
.

2
Z (βk−1)

Z (βk)
=

∫
K

e−βk−1∥x∥2

Z (βk)
dx

=

∫
K

e−βk∥x∥2

Z (βk)︸ ︷︷ ︸
πk (x)

· e−(βk−1−βk )∥x∥2︸ ︷︷ ︸
Xk (x)

dx

= E
x∼πk

[Xk ].

3 Construct Markov processes, with

Stationary distribution πk .
Mixing time τk ≤ MT.

Cost

Classical O
(
ℓ · ℓ

ε2
·MT

)
Quantum, [HW20] Õ

(
ℓ ·

√
ℓ2

ε2
·MT

)
Quantum, [CH22] Õ

(
ℓ ·

√
ℓ
ε2

·MT
)

β

Z (β∗)

β∗

Z (0)

0

β1β2 β3 · · ·βℓ−1

︸ ︷︷ ︸

ℓ=Õ(
√
log γ),

Var[Xk ]

E[Xk ]2
=O(1) [ŠVV09]
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Implications

Classical Quantum, [HW20] Quantum, [CH22]

O(ℓ · ℓ
ε2

·MT) Õ
(
ℓ ·

√
ℓ2

ε2
·MT

)
Õ
(
ℓ ·

√
ℓ
ε2

·MT
)

General (ℓ = Õ(
√
log γ))) Õ

(
log γ
ε2

·MT
)

Õ
(
log γ
ε ·

√
MT

)
Õ
(
log3/4 γ

ε ·
√
MT

)

Counting independent sets Õ( |V |2
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New component: unbiased, non-destructive mean estimation

Goal: estimate µ := E
x∼π

[X ]

Assumption: Var[X ]
E[X ]2

= O(1).

Input:

Binary oracle: OX : |x⟩ |0⟩ 7→ |x⟩ |X (x)⟩
A single copy of |π⟩ =

∑
x

√
π(x) |x⟩

Reflections around |π⟩
Properties:

Accuracy: Var[µ̃]
E[µ̃]2 ≤ ε2.

Unbiasedness: E[µ̃] = µ.

Non-destructiveness: |π⟩ is restored.

Cost: Õ(1ε ) reflections around |π⟩.

|x⟩ |x⟩
|0⟩ |X (x)⟩OX 2 |π⟩⟨π| − I

|π⟩

|π⟩

µ̃

mean
estimation
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Unbiasedness [vACGN22]

Simplest case:
U : |0⟩ 7→ √

p |1⟩+
√
1− p |0⟩.

Goal: Estimate p.

Typical approach:

G := U†R1UR0 has eigenvalues e±2πiϕ, with
p = sin2(πϕ).

Run phase estimation → ϕ̃.
Compute p = sin2(πϕ̃).

Symmetrization: [LdW21]

Run on e2πiξG .
E[e2πiϕ̃] = C · e2πiϕ.

p = sin2(πϕ) = 1
2(1− Re[e2πiϕ])

= E[12(1−
1
CRe[e

2πi ϕ̃])].

Lift to mean estimation routines [Mon15].

Re

Im

2πφ
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Non-destructiveness

Goal: Restore |π⟩.

Observations: After phase estimation:

The state stays in a 2D-subspace:
Span{|π⟩ ,

∣∣π⊥〉}.
Measurement always gives |π⟩ or

∣∣π⊥〉.
Probability transition matrix:

|π⟩
∣∣π⊥〉

|π⟩ q 1− q∣∣π⊥〉 1− q q

Algorithm: [MW05]

Run phase estimation.
Measure in {|π⟩⟨π| ,

∣∣π⊥〉〈π⊥
∣∣} basis.

Repeat until |π⟩.
Expected no. iterations: 2.

Adds only constant overhead!

|π⟩

∣∣π⊥〉
|ψ⟩

|π⟩ |π⟩

∣∣π⊥〉
|π⟩

∣∣π⊥〉

q

1− q 1− q

q

· · ·
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Algorithm: [MW05]

Run phase estimation.
Measure in {|π⟩⟨π| ,

∣∣π⊥〉〈π⊥
∣∣} basis.

Repeat until |π⟩.
Expected no. iterations: 2.

Adds only constant overhead!

|π⟩

∣∣π⊥〉
|ψ⟩

|π⟩ |π⟩

∣∣π⊥〉
|π⟩

∣∣π⊥〉

q

1− q 1− q

q

· · ·
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Summary

Partition functions.

Algorithm outline.

Results.

New component: mean estimation.

Accuracy.
Unbiasedness.
Non-destructiveness.

Cost

Classical O
(
ℓ · ℓ

ε2
·MT

)
Quantum, prev. Õ

(
ℓ ·

√
ℓ2

ε2
·MT

)
Quantum, new Õ

(
ℓ ·

√
ℓ
ε2

·MT
)

Open questions:

Improve dependence on ℓ?

Improvement on Õ(d
2.25

ε ) for volume
estimation?

Lower bounds?

Thanks for your attention!
cornelissen@irif.fr
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