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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full pure-state tomography:
Unknown: |ψ〉 ∈ Cd .

Goal: obtain
∣∣∣ψ̃〉 ∈ Cd , s.t.

∥∥∥∣∣∣ψ̃〉− |ψ〉∥∥∥
2
≤ ε.

1 Given access to conditional copies
(|0〉 |0〉+ |ψ〉 |1〉)/

√
2:

1 Õ( d
ε2 ). [KP’20; This work]

2 Ω( d
ε2 ). [This work]

2 Given (inverse) unitary access to |ψ〉:
1 Õ( d

ε ). [This work]

2 Ω( d
ε ). [This work]

Full mixed-state tomography:
Unknown: ρ ∈ Cd×d , with rank(ρ) ≤ r .
Goal: obtain ρ̃ ∈ Cd×d , s.t. ‖ρ̃− ρ‖1 ≤ ε.

1 Given access to single copies of ρ:

1 O( dr2

ε2 ). [HHJ+’17]

2 Ω( dr2

ε2 ). [HHJ+’17; CHL+’22]

2 Given access to simultaneous copies of ρ:
1 Õ( dr

ε2 ). [HHJ+’17]

2 Ω( dr
ε2 ). [HHJ+’17; Yue’22]

3 Given (inverse) unitary access to a
purification:

1 Õ( dr
ε ). [This work]

2 Ω( dr
ε ). [This talk – yet to be included]
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1 Õ( dr
ε ). [This work]

2 Ω( dr
ε ). [This talk – yet to be included]

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 2 / 14



Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full pure-state tomography:
Unknown: |ψ〉 ∈ Cd .

Goal: obtain
∣∣∣ψ̃〉 ∈ Cd , s.t.

∥∥∥∣∣∣ψ̃〉− |ψ〉∥∥∥
2
≤ ε.

1 Given access to conditional copies
(|0〉 |0〉+ |ψ〉 |1〉)/

√
2:

1 Õ( d
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Aside: other quantum state tomography results

“Quantum state tomography is learning properties of a quantum state.”

Learning observables:
O1, . . . ,OM with ‖Oj‖ ≤ 1.
Unknown: |ψ〉 ∈ Cd .
Goal: obtain õj s.t. |õj − 〈ψ|Oj |ψ〉 | ≤ ε.

1 Given copies of |ψ〉:
1 O( log(M)

ε2 ). (if they commute)

2 O( log(M)
ε4 ). (shadow tomgoraphy)

[HKP’20]

2 Given unitary access to |ψ〉:

1 Õ(

√∑M
j=1‖Oj‖2

ε ) = Õ(
√
M
ε ). [HWC+’22]

2 Õ(

√
‖∑M

j=1 O
2
j ‖

ε ) = Õ(
√
M
ε ). [This work]

Specific observables and other norms:

1 Oj = |j〉 〈j |, for j = 1, . . . , d .

2 pj = | 〈 j |ψ〉 |2.

Unknown: |ψ〉 ∈ Cd .
Goal: obtain p̃ s.t. ‖p̃ − p‖q ≤ ε.
Given unitary access to |ψ〉:

Θ̃

(
min

{
d

1
q

ε ,
1

ε

1

1− 1
q

})
. [vA’21; This work]

Probably many more...
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1 Õ(

√∑M
j=1‖Oj‖2

ε ) = Õ(
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2 Õ(

√
‖∑M

j=1 O
2
j ‖

ε ) = Õ(
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2 Õ(

√
‖∑M

j=1 O
2
j ‖

ε ) = Õ(
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Problem statement

Full mixed-state tomography (d, r , ε):

1 Parameters: 1 ≤ r ≤ d , and ε ∈ [0, 1/256].

2 Input: U : |0〉 7→ |ψ〉 =
∑r

j=1 αj |ψj〉A |χj〉B .

3 ρ = TrB [|ψ〉〈ψ|] =
∑r

j=1 |αj |2 |ψj〉〈ψj |.
4 Goal: output ρ̃ ∈ Cd×d s.t. ‖ρ̃− ρ‖1 ≤ ε.

Question: Optimal number of (inverse) calls to U?
Remainder of this talk: Ω(drε ) queries are required.
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Lower bound – approximate string recovery

Idea: “Embed the approximate string recovery problem into the full mixed-state tomography
problem.”

Ingredients:

1 Absolute constants c ,C ∈ (0, 1).

2 D ⊆ {0, 1}dr with |D| ≥ C · 2dr .

3 For all b ∈ D, let Sb ⊆ |D|, with b ∈ Sb.
(horizontal edges)

4 For all b̃ ∈ D, |{b ∈ D : b̃ ∈ Sb}| ≤ 2cdr .
(right degree bounded by 2cdr )

Approximate string recovery (ε, D, b 7→ Sb):

1 Input: O
(ε)
b : |j〉 7→ e2πiεbj |j〉 with b ∈ D.

2 Output: any b̃ ∈ Sb.

Input:
b ∈ {0, 1}dr

Output:
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Lower bound – proof overview

Idea: “Embed the approximate string recovery problem into the full state-tomography
problem.”

Approximate string recovery

Input:

O
(ε′)
b : |j〉 7→ e2πiε′bj |j〉
(controlled, inverse)

Output:

Any b̃ ∈ Sb.

Full state tomography

Input:
U : |0〉 7→ |ψb〉

(controlled, inverse)

Output:
‖ρ̃− ρb‖1 ≤ ε

Ω
(
dr
ε′

)
S

te
p

1

2 calls

Step 2

Q queries ε′ = Θ(ε)

classical
postprocessing

Step 3
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Lower bound – approximate string recovery

Case: ε′ = 1/2

1 O
(ε′)
b : |j〉 7→ e2πibj |j〉 = (−1)bj |j〉.

2 Algorithm:
1 Run the algorithm that outputs any

b̃ ∈ Sb with Q queries.
2 Output any b ∈ D such that b̃ ∈ Sb

uniformly at random.

3 Recovers b with probability at least
2/3 · 2−cdr .

4 Polynomial method: [FGGS’99]
C · 2dr ≤ |D| ≤ 3

2 · 2
cdr · 2drH(Q/dr).

Thus, Q = Ω(dr).

Case: ε′ ∈ (0, 1/2)

Idea: Any problem becomes 1/ε′ harder

when switching from Ob to O
(ε′)
b .

Technical difficulties:
1 Proof for functions. [LMRŠS’11]

1 Proof via adversary method.
2 Approximate string recovery is not a

function.

2 Adversary method for relations:
[Bel’15]

1 Approximate string recovery is a
relation.

3 Combine both: [CJ’21].

Thus, Q = Ω(drε′ ).
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1 Proof via adversary method.
2 Approximate string recovery is not a

function.

2 Adversary method for relations:
[Bel’15]

1 Approximate string recovery is a
relation.

3 Combine both: [CJ’21].

Thus, Q = Ω(drε′ ).

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 7 / 14



Lower bound – approximate string recovery

Case: ε′ = 1/2

1 O
(ε′)
b : |j〉 7→ e2πibj |j〉 = (−1)bj |j〉.

2 Algorithm:
1 Run the algorithm that outputs any

b̃ ∈ Sb with Q queries.
2 Output any b ∈ D such that b̃ ∈ Sb

uniformly at random.

3 Recovers b with probability at least
2/3 · 2−cdr .

4 Polynomial method: [FGGS’99]
C · 2dr ≤ |D| ≤ 3

2 · 2
cdr · 2drH(Q/dr).

Thus, Q = Ω(dr).

Case: ε′ ∈ (0, 1/2)
Idea: Any problem becomes 1/ε′ harder

when switching from Ob to O
(ε′)
b .

Technical difficulties:
1 Proof for functions. [LMRŠS’11]
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Lower bound – proof overview

Idea: “Embed the approximate string recovery problem into the full state-tomography
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Lower bound – embedding

Embedding: (ε < 1/256)

1 Let U(1), . . . ,U(r) ∈ Cd×d unitaries.

2 Let b ∈ {0, 1}dr .

3 Define∣∣∣ψ(j)
b

〉
=

1√
d

d∑
k=1

∑
c∈{0,1}

√
1

2
+ 128ε(−1)c+b

(j)
k |c〉 |k〉.

4 Let |ψb〉 = 1√
r

∑r
j=1(I ⊗ U(j))

∣∣∣ψ(j)
b

〉
A
|j〉B

5 Let ρb = TrB [|ψb〉〈ψb|].

b
b(1) b(2) b(3)

0 1︸︷︷︸
d

︸︷︷︸
d

︸︷︷︸
d

|ψb〉 = 1√
dr

U(1)

U(1)

U(2)

U(2)

U(3)

U(3)

√
1
2 + 128ε√
1
2 − 128ε

√
1
2 − 128ε√
1
2 + 128ε
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Lower bound – embedding

For a single bit b ∈ {0, 1}, we can perform:

1 Let ξ, ε′ to be fixed later.

2 Start with state
1√
2

[
eπi(ξ+ε′)

e−πi(ξ+ε′)

]

3 Apply (O
(ε′)
b )† and O

(ε′)
b to first and second entry

1√
2

[
eπi(ξ+(−1)bε′)

e−πi(ξ+(−1)bε′)

]
4 Apply H and then S[

cos(π(ξ + (−1)bε′))
sin(π(ξ + (−1)bε′))

]
=

√1
2 + (−1)b128ε√
1
2 − (−1)b128ε


5 Solve for ξ, ε′, then ε′ = Θ(ε).

Now perform in parallel to obtain |ψb〉.

b
b(1) b(2) b(3)

0 1︸︷︷︸
d

︸︷︷︸
d
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d
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dr
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1
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√
1
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Now perform in parallel to obtain |ψb〉.

b
b(1) b(2) b(3)

0 1︸︷︷︸
d

︸︷︷︸
d

︸︷︷︸
d

|ψb〉 = 1√
dr

U(1)

U(1)

U(2)

U(2)

U(3)

U(3)

√
1
2 + 128ε√
1
2 − 128ε

√
1
2 − 128ε√
1
2 + 128ε
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Lower bound – embedding
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Lower bound – proof overview

Idea: “Embed the approximate string recovery problem into the full state-tomography
problem.”

Approximate string recovery

Input:

O
(ε′)
b : |j〉 7→ e2πiε′bj |j〉
(controlled, inverse)

Output:

Any b̃ ∈ Sb.

Full state tomography

Input:
U : |0〉 7→ |ψb〉

(controlled, inverse)

Output:
‖ρ̃− ρb‖1 ≤ ε

Ω
(
dr
ε′

)
S

te
p

1

2 calls

Step 2

Q queries ε′ = Θ(ε)

classical
postprocessing

Step 3
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Lower bound – postprocessing

1 Postprocessing algorithm:
1 Run algorithm to obtain ρ̃ s.t. ‖ρ̃− ρb‖1 ≤ ε.

2 Output any b̃ ∈ {0, 1}dr such that
∥∥ρ̃− ρb̃∥∥1

≤ ε.

It follows that
∥∥ρb − ρb̃∥∥1

≤ 2ε.

2 Thus, let Sb = {b̃ ∈ {0, 1}dr :
∥∥ρb − ρb̃∥∥1

≤ 2ε}.
3 Then b ∈ Sb.

(horizontal edges)

4 Remains to show that ∃c ∈ (0, 1) s.t.
|{b ∈ {0, 1}dr : b̃ ∈ Sb}| ≤ 2cdr .
(bounded right degree)

Input:
b ∈ {0, 1}dr

Output:

b̃ ∈ {0, 1}dr

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

Edge when
∥∥ρb − ρb̃∥∥1

≤ 2ε.
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Lower bound – postprocessing

Let b, b̃ ∈ {0, 1}dr uniformly at random.
Suppose that ∃c ∈ (0, 1) s.t.

P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr .

1 #{edges} ≤ 2−cdr · 22dr .

2
∑

deg(b̃) ≤ 2−cdr · 22dr .

3 |{b̃ : deg(b̃) ≥ 2−cdr/2 · 2dr}| ≤ 2−cdr/2 · 2dr .

4 |{b̃ : deg(b̃) ≤ 2−cdr/2 · 2dr}| ≥ 2dr (1− 2−cdr/2).

5 Let D ⊆ {0, 1}dr be the set for all these b̃’s:
|D| ≥ C · 2dr , with C ∈ (0, 1).

Thus it remains to show ∃c ∈ (0, 1) s.t.

P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr .

Input:
b ∈ {0, 1}dr

Output:
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101

110

111

000

001

010
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Lower bound – proximity probability analysis

Remains to prove: ∃c ∈ (0, 1) s.t.

P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr .

Approximation:
√

1
2 ± 128ε ≈ 1√

2
(1± 128ε).

1 Total error: 2(256ε)2.

2 Simplification:∥∥ρb − ρb̃∥∥1
= 32ε

rd

∥∥XY †∥∥
1
, where

1 X = [U(1)δ(1) · · · U(r)δ(r)],
2 Y = [U(1)

1 · · ·U(r)
1],

3 δ(j) = (−1)b
(j) − (−1)b̃

(j)

.

3 Interpretation: overlaying point clouds.∥∥XY †∥∥
1

= max
U unitary

∣∣Tr[Y †UX ]
∣∣

= max
U unitary

∑r
j=1 |y

†
j Uxj |.

Columns of X

x

y

z

Columns of Y

x

y

z

Columns of UX & Y

x

y

z

U I
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Lower bound – proximity probability analysis II
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Lower bound – proximity probability analysis II

Recall X =
[
U(1)δ(1) · · · U(r)δ(r)

]
.

1 For any unitary U:∥∥ρb − ρb̃∥∥1
≥ 32ε

r
√
d

∑r
j=1 |e

†
j Uxj |.

2 Greedy strategy to build U.
3 Let Sj = Span{x1, . . . , xj−1}. Then:

1 dim(Sj) = j − 1.

2 |e†j Uxj | =
∥∥∥ΠS⊥

j
xj

∥∥∥.

3 Sj is independent from xj .

4 Since δ(j) has independent entries, ∃c ∈ (0, 1) s.t.

P
[∣∣∣∥∥∥ΠS⊥j

xj

∥∥∥−√d − j + 1
∣∣∣ ≥ 1

4

√
d
]
≤ 2−cd .[RV’13]

5 If
∥∥ρb − ρb̃∥∥1

≤ 2ε, then the above must hold for
at least r/4 terms.

6 Thus P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr/4.

Columns of X

x

y

z

x1
x2

x3

Columns of Y

x

y

z

y1

y2

y3

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 13 / 14



Lower bound – proximity probability analysis II

Recall X =
[
U(1)δ(1) · · · U(r)δ(r)

]
.

1 For any unitary U:∥∥ρb − ρb̃∥∥1
≥ 32ε

r
√
d

∑r
j=1 |e

†
j Uxj |.

2 Greedy strategy to build U.
3 Let Sj = Span{x1, . . . , xj−1}. Then:

1 dim(Sj) = j − 1.

2 |e†j Uxj | =
∥∥∥ΠS⊥

j
xj

∥∥∥.

3 Sj is independent from xj .

4 Since δ(j) has independent entries, ∃c ∈ (0, 1) s.t.

P
[∣∣∣∥∥∥ΠS⊥j

xj

∥∥∥−√d − j + 1
∣∣∣ ≥ 1

4

√
d
]
≤ 2−cd .[RV’13]

5 If
∥∥ρb − ρb̃∥∥1

≤ 2ε, then the above must hold for
at least r/4 terms.

6 Thus P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr/4.

Columns of X

x

y

z

x1
x2

x3

Columns of Y

x

y

z

y1

y2

y3

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 13 / 14



Lower bound – proximity probability analysis II

Recall X =
[
U(1)δ(1) · · · U(r)δ(r)

]
.

1 For any unitary U:∥∥ρb − ρb̃∥∥1
≥ 32ε

r
√
d

∑r
j=1 |e

†
j Uxj |.

2 Greedy strategy to build U.

3 Let Sj = Span{x1, . . . , xj−1}. Then:
1 dim(Sj) = j − 1.

2 |e†j Uxj | =
∥∥∥ΠS⊥

j
xj

∥∥∥.

3 Sj is independent from xj .

4 Since δ(j) has independent entries, ∃c ∈ (0, 1) s.t.

P
[∣∣∣∥∥∥ΠS⊥j

xj

∥∥∥−√d − j + 1
∣∣∣ ≥ 1

4

√
d
]
≤ 2−cd .[RV’13]

5 If
∥∥ρb − ρb̃∥∥1

≤ 2ε, then the above must hold for
at least r/4 terms.

6 Thus P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr/4.

Columns of X

x

y

z

x1
x2

x3

Columns of Y

x

y

z

y1

y2

y3

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 13 / 14



Lower bound – proximity probability analysis II

Recall X =
[
U(1)δ(1) · · · U(r)δ(r)

]
.

1 For any unitary U:∥∥ρb − ρb̃∥∥1
≥ 32ε

r
√
d

∑r
j=1 |e

†
j Uxj |.

2 Greedy strategy to build U.
3 Let Sj = Span{x1, . . . , xj−1}. Then:

1 dim(Sj) = j − 1.

2 |e†j Uxj | =
∥∥∥ΠS⊥

j
xj

∥∥∥.

3 Sj is independent from xj .

4 Since δ(j) has independent entries, ∃c ∈ (0, 1) s.t.

P
[∣∣∣∥∥∥ΠS⊥j

xj

∥∥∥−√d − j + 1
∣∣∣ ≥ 1

4

√
d
]
≤ 2−cd .[RV’13]

5 If
∥∥ρb − ρb̃∥∥1

≤ 2ε, then the above must hold for
at least r/4 terms.

6 Thus P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr/4.

Columns of X

x

y

z

x1
x2

x3

Columns of Y

x

y

z

y1

y2

y3

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 13 / 14



Lower bound – proximity probability analysis II

Recall X =
[
U(1)δ(1) · · · U(r)δ(r)

]
.

1 For any unitary U:∥∥ρb − ρb̃∥∥1
≥ 32ε

r
√
d

∑r
j=1 |e

†
j Uxj |.

2 Greedy strategy to build U.
3 Let Sj = Span{x1, . . . , xj−1}. Then:

1 dim(Sj) = j − 1.

2 |e†j Uxj | =
∥∥∥ΠS⊥

j
xj

∥∥∥.

3 Sj is independent from xj .

4 Since δ(j) has independent entries, ∃c ∈ (0, 1) s.t.

P
[∣∣∣∥∥∥ΠS⊥j

xj

∥∥∥−√d − j + 1
∣∣∣ ≥ 1

4

√
d
]
≤ 2−cd .[RV’13]

5 If
∥∥ρb − ρb̃∥∥1

≤ 2ε, then the above must hold for
at least r/4 terms.

6 Thus P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr/4.

Columns of X

x

y

z

x1
x2

x3

Columns of Y

x

y

z

y1

y2

y3

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 13 / 14



Lower bound – proximity probability analysis II

Recall X =
[
U(1)δ(1) · · · U(r)δ(r)

]
.

1 For any unitary U:∥∥ρb − ρb̃∥∥1
≥ 32ε

r
√
d

∑r
j=1 |e

†
j Uxj |.

2 Greedy strategy to build U.
3 Let Sj = Span{x1, . . . , xj−1}. Then:

1 dim(Sj) = j − 1.

2 |e†j Uxj | =
∥∥∥ΠS⊥

j
xj

∥∥∥.

3 Sj is independent from xj .

4 Since δ(j) has independent entries, ∃c ∈ (0, 1) s.t.

P
[∣∣∣∥∥∥ΠS⊥j

xj

∥∥∥−√d − j + 1
∣∣∣ ≥ 1

4

√
d
]
≤ 2−cd .[RV’13]

5 If
∥∥ρb − ρb̃∥∥1

≤ 2ε, then the above must hold for
at least r/4 terms.

6 Thus P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr/4.

Columns of X

x

y

z

x1
x2

x3

Columns of Y

x

y

z

y1

y2

y3

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 13 / 14



Lower bound – proximity probability analysis II

Recall X =
[
U(1)δ(1) · · · U(r)δ(r)

]
.

1 For any unitary U:∥∥ρb − ρb̃∥∥1
≥ 32ε

r
√
d

∑r
j=1 |e

†
j Uxj |.

2 Greedy strategy to build U.
3 Let Sj = Span{x1, . . . , xj−1}. Then:

1 dim(Sj) = j − 1.

2 |e†j Uxj | =
∥∥∥ΠS⊥

j
xj

∥∥∥.

3 Sj is independent from xj .

4 Since δ(j) has independent entries, ∃c ∈ (0, 1) s.t.

P
[∣∣∣∥∥∥ΠS⊥j

xj

∥∥∥−√d − j + 1
∣∣∣ ≥ 1

4

√
d
]
≤ 2−cd .[RV’13]

5 If
∥∥ρb − ρb̃∥∥1

≤ 2ε, then the above must hold for
at least r/4 terms.

6 Thus P
[∥∥ρb − ρb̃∥∥1

≤ 2ε
]
≤ 2−cdr/4.

Columns of X

x

y

z

x1
x2

x3

Columns of Y

x

y

z

y1

y2

y3

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 13 / 14



Lower bound – proof overview

Idea: “Embed the approximate string recovery problem into the full state-tomography
problem.”

Approximate string recovery

Input:

O
(ε′)
b : |j〉 7→ e2πiε′bj |j〉
(controlled, inverse)

Output:

Any b̃ ∈ Sb.

Full state tomography

Input:
U : |0〉 7→ |ψb〉

(controlled, inverse)

Output:
‖ρ̃− ρb‖1 ≤ ε

Ω
(
dr
ε′

)
S

te
p

1

2 calls

Step 2

Q queries ε′ = Θ(ε)

classical
postprocessing

Step 3
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[LMRŠS’11] Lee, Mittal, Reichardt, Špalek, Szegedy. Quantum query complexity of
state conversion. arXiv:1011.3020

[RV’13] Rudelson, Vershynin. Hanson-Wright inequality and sub-gaussian
concentration. arXiv:1306.2872

[Yue’22] Yuen. An improved sample complexity lower bound for quantum state
tomography. arXiv:2206.11185

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 14 / 14


