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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”
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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full mixed-state tomography:
Full pure-state tomography:
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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full mixed-state tomography:
Full pure-state tomography:
Unknown: |+) € C9.

Goal: obtain ’1;> €CY st ’H{E> — |¢)H2 <e.
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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full mixed-state tomography:
Full pure-state tomography:
Unknown: |+) € C9.

Goal: obtain ’1;> €CY st ’H{E> — |¢)H2 <e.

@ Given access to conditional copies
(10} [0) + |v) [1))/v2:
©@ O(%). [KP'20; This work]
@ Q(Z). [This work]

€
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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full mixed-state tomography:
Unknown: p € C9*9  with rank(p) < r.
Unknown: |¢) € C. Goal: obtain p € C¥9, st. ||p—pll; <e.

Full pure-state tomography:
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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full mixed-state tomography:
Full pure-state tomography: Unknown: p € C9%9, with rank(p) < r.

Unknown: |¢) € C. Goal: obtain p € C¥9, st. ||p—pll; <e.
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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full mixed-state tomography:
Full pure-state tomography: Unknown: p € C9%9, with rank(p) < r.
Unknown: |¢) € CH. Goal: obtain p € C¥9, st. ||p—pll; <e.
Goal: obtain ’{E> €CY st ’H{D — |1,b)H <e. @ Given access to single copies of p:
? 0 0(%). [HHJ+'17]

@ Given access to conditional copies ) Q(%’;). [HHJ+'17; CHL+'22]
(|0> |0> + ) [1))/V2: @ Given access to simultaneous copies of p:
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Quantum full state tomography overview

“Quantum full state tomography is learning a classical description of a quantum state.”

Full mixed-state tomography:
Full pure-state tomography: Unknown: p € C9%9, with rank(p) < r.
Unknown: |¢) € CH. Goal: obtain p € C¥9, st. ||p—pll; <e.
Goal: obtain ’{E> €CY st ’H{D — |1,b)H <e. @ Given access to single copies of p:
? 0 0(%). [HHJ+'17]

@ Given access to conditional copies ) Q(%’;). [HHJ+'17; CHL+'22]
(|0> |0> +[9) [1)/V2: @ Given access to simultaneous copies of p:
O(4). [KP'20; This work] © O(%). [HHI+'17]
Q(%). [This work] @ Q(%). [HHI+'17; Yue'22]
o leen (inverse) unitary access to [t)): @ Given (inverse) unitary access to a
(g) [This work] puriﬁgation:
e Q(2). [This work] @ O(%). [This work]

@ Q(Z). [This talk — yet to be included]
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Aside: other quantum state tomography results

“Quantum state tomography is learning properties of a quantum state.”
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Aside: other quantum state tomography results

“Quantum state tomography is learning properties of a quantum state.”

Learning observables:

O1,...,Op with ”OJH <1

Unknown: |+) € C9.

Goal: obtain o; s.t. [oj — (¥| O; [¢) | < e.
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Aside: other quantum state tomography results

“Quantum state tomography is learning properties of a quantum state.”

Learning observables:
O1,...,Op with ”OJH <1
Unknown: |+) € C9.
Goal: obtain o; s.t. [oj — (¥| O; [¢) | < e.
@ Given copies of [¢):
(1) O('°g )Y, (if they commute)
o O('Oi(,,M)). (shadow tomgoraphy)
[HKP'20]
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Aside: other quantum state tomography results

“Quantum state tomography is learning properties of a quantum state.”

Learning observables:
O1,...,Op with ”OJH <1
Unknown: |+) € C9.
Goal: obtain o; s.t. [oj — (¥| O; [¢) | < e.
@ Given copies of [¢):
(1) O('°g )Y, (if they commute)
o O('og(M ). (shadow tomgoraphy)

[HKP"20]
@ Given unitary access to [¢):
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Aside: other quantum state tomography results

“Quantum state tomography is learning properties of a quantum state.”

Learning observables:
O1,...,0p with ”OJH <1
Unknown: |+) € C9.
Goal: obtain o; s.t. |0 —
@ Given copies of [¢):

W10 [P} <e.

(1) O('°g )Y, (if they commute)
o O('og(M) (shadow tomgoraphy)
[HKP 20]
@ Given unitary access to [¢):
M1 0; _
o 0(7Z ol = 0( ) [HWC+122]
o oY1=l |ZJ 19 ) ). [This work]

Lower bound on mixed-state tomography

Specitfic observables and other norms:
Q@ 0= (| forj=1,...,d.
0 p =) P

Unknown: |4) € C¢.
Goal: obtain ps.t. [[p—pl, < e.
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Aside: other quantum state tomography results

“Quantum state tomography is learning properties of a quantum state.”

Learning observables:
O1,...,0p with ”OJH <1
Unknown: |+) € C9.
Goal: obtain o; s.t. |0 —
@ Given copies of [¢):

W10 [P} <e.

(1) O('°g ) (if they commute)
(2] O('og )). (shadow tomgoraphy)
[HKP 20]
@ Given unitary access to [¢):
Ml O ~
o 0(7Z 1ol - 0( ) [HWC-+22]
o oY1=l |ZJ 19 ) ). [This work]
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Lower bound on mixed-state tomography

Specitfic observables and other norms:
Q@ 0= (| forj=1,...,d.

0 p =) P

Unknown: |1) € C9.

Goal: obtain ps.t. [[p—pl, < e.
Given unitary access to [¢)):

e (mm {daq, o }) [VA'21; This work]
s

Probably many more...
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Problem statement

Full mixed-state tomography (d, r, €):
@ Parameters: 1 < r <d, and ¢ € [0,1/256].
@ Input: U |0) = [) =371 1 aj )4 X)) g-
Q@ p = Tra[[v)vl] = Yjy layl? [)el.

@ Goal: output p € C¥*9 st ||p—pl; <e.
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Problem statement

Full mixed-state tomography (d, r, €):
@ Parameters: 1 < r <d, and ¢ € [0,1/256].
@ Input: U :[0) = [1h) = 3271 [¥) 4 Xj) -
Q@ p = Tra[[v)vl] = Yjy layl? [)el.
@ Goal: output p € C¥*9 st ||p—pl; <e.

Question: Optimal number of (inverse) calls to U?
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Problem statement

Full mixed-state tomography (d, r, €):
@ Parameters: 1 < r <d, and ¢ € [0,1/256].
@ Input: U :[0) = [1h) = 3271 [¥) 4 Xj) -
Q@ p = Tra[[v)vl] = Yjy layl? [)el.
@ Goal: output p € C¥*9 st ||p—pl; <e.

Question: Optimal number of (inverse) calls to U?
Remainder of this talk: Q(%) queries are required.
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Lower bound — approximate string recovery

Idea: “Embed the approximate string recovery problem into the full mixed-state tomography
problem.”
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Lower bound — approximate string recovery

Idea: “Embed the approximate string recovery problem into the full mixed-state tomography
problem.”

Ingredients:
@ Absolute constants ¢, C € (0, 1).
@ D C {0,1}9 with |D| > C - 2¢".

© Forall be D, let S, C |D), with b € Sp.
(horizontal edges)

Q@ Forallbe D, [{be D:be Sp}| <20
(right degree bounded by 27" )
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Lower bound — approximate string recovery

Idea: “Embed the approximate string recovery problem into the full mixed-state tomography
problem.”
Ingredients:

Input: Output:
@ Absolute constants ¢, C € (0, 1). be {0,1}% be {01}

@ D C {0,1}9 with |D| > C - 2¢".
© Forall be D, let S, C |DJ, with b € Sp.
(horizontal edges)

Q@ Forallbe D, [{be D:be Sp}| <20
(right degree bounded by 27" )
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Lower bound — approximate string recovery

Idea: “Embed the approximate string recovery problem into the full mixed-state tomography
problem.”

Ingredients:
Input: Output:
@ Absolute constants ¢, C € (0, 1). be{0,1}" be {01}
@ D C {0,1}9 with |D| > C - 2¢".
© Forall be D, let S, C |D), with b € Sp.
(horizontal edges)

Q@ Forallbe D, [{be D:be Sp}| <20
(right degree bounded by 27" )

Approximate string recovery (¢, D, b~ Sp):
@ Input: O : |j) s €281 |j) with b € D.
@ Output: any be Sp.
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Lower bound — proof overview

Idea: “Embed the approximate string recovery problem into the full state-tomography

problem.”
Approximate string recovery Full state tomography
Input: > calls Input:
0% . |y s 2riE'b | ) Stes 5 U:0) = [t)
(controlled, inverse) P (controlled, inverse)
i
§ Q (%) Q queries | & = O(e)
n classical
Output: postprocessing ‘ Output:
Any b € Sp. Step 3 ‘ [0 —polly < e

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 6/14



Lower bound — approximate string recovery

Case: £/ € (0,1/2)
Case: ¢/ =1/2

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 7/14



Lower bound — approximate string recovery

Case: £/ € (0,1/2)
Case: ¢/ =1/2

@ OF . |j) s e2mbi[j) = (—1)b |j).
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Lower bound — approximate string recovery

Case: £/ € (0,1/2)

Case: ¢/ =1/2
@ O :[j) = e |j) = (—1)bi |j).
@ Algorithm:

@ Run the algorithm that outputs any
b € S, with @ queries. B

® Output any b € D such that b€ S,
uniformly at random.
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Lower bound — approximate string recovery

Case: £/ € (0,1/2)

Case: ¢/ =1/2
@ O :[j) = e |j) = (—1)bi |j).
@ Algorithm:

@ Run the algorithm that outputs any
b € S, with @ queries. B

® Output any b € D such that b€ S,
uniformly at random.

© Recovers b with probability at least
2/3.27¢dr,
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Lower bound — approximate string recovery

Case: £/ € (0,1/2)

Case: ¢/ =1/2
@ O :[j) = e |j) = (—1)bi |j).
@ Algorithm:

@ Run the algorithm that outputs any
b € S, with @ queries. B

® Output any b € D such that b€ S,
uniformly at random.

© Recovers b with probability at least
2/3.27¢dr,

© Polynomial method: [FGGS'99]
C .odr < ‘D| < % . ocdr  odrH(Q/dr)
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Lower bound — approximate string recovery

Case: £/ € (0,1/2)
Case: ¢/ =1/2
© Of:|j) = & |j) = (~1)" |
@ Algorithm:
@ Run the algorithm that outputs any
b € S, with @ queries.

@ Output any b € D such that beS,
uniformly at random.

© Recovers b with probability at least
2/3.27¢dr,
© Polynomial method: [FGGS'99]
C .odr < ‘D| < % . ocdr  odrH(Q/dr)
Thus, Q@ = Q(dr).
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Lower bound — approximate string recovery

Case: £/ € (0,1/2)

Case: €' =1/2 Idea: Any problem becomes 1/¢’ harder
o ol(f/) ) — e2mib; ) = (71)/3] ). when switching from O to O[(f ).
@ Algorithm:

@ Run the algorithm that outputs any
b € S, with @ queries. B

® Output any b € D such that b€ S,
uniformly at random.

© Recovers b with probability at least
2/3.27¢dr,
© Polynomial method: [FGGS'99]
C .odr < ‘D| < % . ocdr  odrH(Q/dr)
Thus, Q@ = Q(dr).
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Lower bound — approximate string recovery

Case: €' =1/2
@ O :1j) = &2 [j) = (~1)1 |j).
@ Algorithm:
@ Run the algorithm that outputs any

b € S, with @ queries. B
® Output any b € D such that b€ S,

uniformly at random.
© Recovers b with probability at least
2/3.27¢dr,
© Polynomial method: [FGGS'99]
C .odr < ‘D| < % . ocdr  odrH(Q/dr)

Thus, Q@ = Q(dr).

Case: £/ € (0,1/2)
Idea: Any problem becomes 1/&" harder
when switching from Oy to Oi(fl).
Technical difficulties:

@ Proof for functions. [LMRSS'11]

@ Proof via adversary method.
@ Approximate string recovery is not a

function.
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Lower bound — approximate string recovery

Case: €' =1/2
@ OF . |j) s e2mbi[j) = (—1)b |j).

@ Algorithm:
@ Run the algorithm that outputs any

b € S, with @ queries. B
® Output any b € D such that b€ S,

uniformly at random.
© Recovers b with probability at least
2/3.27¢dr,
© Polynomial method: [FGGS'99]
C .odr < ‘D| < % . ocdr  odrH(Q/dr)

Thus, Q@ = Q(dr).
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Case: ¢/ € (0,1/2)
Idea: Any problem becomes 1/&" harder

when switching from O, to Oi(fl).

Technical difficulties:
@ Proof for functions. [LMRSS'11]

@ Proof via adversary method.
@ Approximate string recovery is not a

function.
@ Adversary method for relations:
[Bel'15]
@ Approximate string recovery is a
relation.
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Lower bound — approximate string recovery

Case: €' =1/2
@ OF . |j) s e2mbi[j) = (—1)b |j).

@ Algorithm:
@ Run the algorithm that outputs any

b € S, with @ queries. B
® Output any b € D such that b€ S,

uniformly at random.
© Recovers b with probability at least
2/3.27¢dr,
© Polynomial method: [FGGS'99]
C .odr < ‘D| < % . ocdr  odrH(Q/dr)

Thus, Q@ = Q(dr).
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Case: ¢/ € (0,1/2)
Idea: Any problem becomes 1/&" harder

when switching from O, to Oi(fl).

Technical difficulties:
@ Proof for functions. [LMRSS'11]

@ Proof via adversary method.
@ Approximate string recovery is not a

function.
@ Adversary method for relations:
[Bel'15]
@ Approximate string recovery is a
relation.

© Combine both: [CJ'21].
Thus, Q = Q(%).

August 18th, 2022 7/14
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Lower bound — proof overview

Idea: “Embed the approximate string recovery problem into the full state-tomography

problem.”
Approximate string recovery Full state tomography
Input: > calls Input:
0% . |y s 2riE'b | ) Stes 5 U:0) = [t)
(controlled, inverse) P (controlled, inverse)
i
§ Q (%) Q queries | & = O(e)
n classical
Output: postprocessing ‘ Output:
Any b € Sp. Step 3 ‘ [0 —polly < e
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Lower bound — embedding

Embedding: (e < 1/256)
O Let UM, ... UM e C9% unitaries.
Q Let b€ {0,1}".
© Define
oy_ 1y \/ 1 cib)
i >—ﬁz ST /5 18- o) k).

k=1ce{0,1}

O Let [vs) = 1 7, (/ @ UN)[uf)) Li)g
Q Let pp = Tra[[tp)Xvsl].
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Lower bound — embedding

p(1) ‘ b2 ‘ p3) |

|
b LIl [TTII[ 1]
M~~~
d d d

Embedding: (e < 1/256)
O Let UM, ... UM e C9% unitaries.
Q Let b€ {0,1}".
© Define
oy_ 1y 1 c+bY
i >——dz 3 \/2+1285(—1) 1oy k).

k=1ce{0,1}

O Let [vs) = 1 7, (/ @ UN)[uf)) Li)g
Q Let pp = Tra[[tp)Xvsl].
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Lower bound — embedding

p(1) ‘ b2 ‘ p3) |

|
b LIl [TTII[ 1]
M~~~
d d d

Embedding: (e < 1/256) _

Q Let UM ... UM € CI* unitaries. UM 9~ /L 4+ 128e
Q Let b€ {0,1}".

© Define UM ES 1108

. 1 d 1 capd) ()
W) =722 (e tion. |, [0OR

k=1 ce{0,1} 0 ver U@ [
O Let =L (1o Uiyl |j n
et [vp) = 72 > ja ) ‘% >A Ve U \/% —128¢

O Let pp = Tra[|tp)¥s]]-

e f\ \/% + 128¢
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Lower bound — embedding

For a single bit b € {0,1}, we can perform:
Q Let & & to be fixed later.

© Start with state

1 em({-{-e )
V2 e—wi<§+a')]

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography

l
b |

[vp) =

p(1) ‘ b2 ‘ b3 |

O [TTII[T]
"~ —~—

~—

d d

UM /14 108

UM TS 1108

U(3) BRI \/% — 128¢

e f\ \/% + 128¢
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Lower bound — embedding

For a single bit b € {0,1}, we can perform:
Q Let & & to be fixed later.

@ Start with state
I emi(6+e’)

V2 | e—mite+e!)

© Apply (O[(f/))T and Ol(fl) to first and second entry
1 emi(E+(=1)")
V2 | g—mi(é+(=1)")
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b |

[vp) =

p(1) ‘ b2 ‘ b3 |

O [TTII[T]
"~ —~—

~—

d d

UM /14 108

UM TS 1108

U(3) BRI \/% — 128¢

e f\ \/% + 128¢
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Lower bound — embedding

For a single bit b € {0,1}, we can perform: p(1) ‘ b2 ‘ p(3) |

l

Q Let & & to be fixed later. bLIol [TTIIT T[]
@ Start with state d d d

1 i e7”(€+5,) [ | ]

V2 |emilete) UMW TS /14 108
Q Apply (O[(f/))T and Ol(fl) to first and second entry U E~ /1 1282

L[ emiter(-1ee) =

V2 | g-mier(-1)e) ) = 2 v [

L b p—

Q@ Apply H and then S ver U@ ]

|:COS(7T(§ + (—1)b€/)):| _ \/% + (_1)b1285 3) N \/% — 128¢

sin(r(§ + (~1)%)] ~ | /1~ (Z1)p12se s

e f\ \/% + 128¢
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Lower bound — embedding

For a single bit b € {0,1}, we can perform: p(1) ‘ b2 ‘ p(3) |

l
Q Let & & to be fixed later. bLIol [TTIIT T[]
@ Start with state d d d
1 [ e7”(€+5,) [ _"
V2 | erile+e) UMD ES /14 10ge
Q Apply (O[(f/))T and Ol(fl) to first and second entry U~ /1 1282
L[ emiter(-1ee) =
V2 | g-mier(-1)e) ) = 2 U@
L b p—
@ Apply H and then S var U@ [
|:COS(7T(§ + (—1)b€/)):| _ \/% + (_1)b1285 3) N \/% — 128¢
sin(r(§ + (~1)%)] ~ | /1~ (Z1)p12se s
L~ ., /1
@ Solve for &, ¢, then &/ = O(e). U [ \/2 128
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Lower

For a si

bound — embedding

ngle bit b € {0,1}, we can perform:

Q Let & & to be fixed later.
© Start with state

1

V2
@ App

1

V2

emi(6+e’)

o mi(E+e)

ly (O[(f/))T and Ol(fl) to first and second entry

Q App

sin

|:COS(7T(€ + (—=1)b¢")

[ emie+(—1)be")
e—Ti(EH(—1)P")

I_y H and then S

Vit (1)"1285‘
1

e o) - !m

@ Solve for &, ¢, then &/ = O(e).

Now perform in parallel to obtain |1)p).
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[vp) =

p(1) ‘ b2 ‘ p3) |

O [TTII[ 1]
"~ —~—

~—

d

d d

UM [~ /15 108

UM TS 1108

U(3) BRI \/% — 128¢

e f\ \/% + 128¢
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Lower bound — proof overview

Idea: “Embed the approximate string recovery problem into the full state-tomography

problem.”
Approximate string recovery Full state tomography
Input: > calls Input:
4 . 505 (| o .
OF) i lj) = @7 |jy | 5 Uz10) o (o)
(controlled, inverse) P (controlled, inverse)
i
FIQ (d—,') Q queries | & = O(e)
et €
n classical
Output: postprocessing ‘ Output:
Any b € Sp. Step 3 ‘ [0 —polly < e
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Lower bound — postprocessing
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Lower bound — postprocessing

© Postprocessing algorithm:
@ Run algorithm to obtain ps.t. ||p — ppl[; < e.
@ Output any b € {0,1}9 such that ||ﬁ— ngl <e.
It follows that Hpb — ngl < 2e.
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Lower bound — postprocessing

. . ] Input: NOutput:
© Postprocessing algorithm: be{0,1}% be {01}

@ Run algorithm to obtain ps.t. ||p — ppl[; < e.
@ Output any b € {0,1}9 such that ||ﬁ— ngl <e.
It follows that Hpb — ngl < 2e.

@ Thus, let S, = {be {0,1}% : o — pEHI < 2¢}.

Edge when ||pp — pgl|, < 2.
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Lower bound — postprocessing

. . Input: Output:
@ Postprocessing algorithm: be{0.1} Be {01}
@ Run algorithm to obtain ps.t. ||p — ppl[; < e. ’
@ Output any b € {0, 1} such that ||p — ngl <e.

It follows that Hpb — ngl < 2e.
@ Thus, let S, = {be {0,1}% : o — pEHI < 2¢}.

© Then b e Sb.
(horizontal edges)

Edge when ||p[7 — p;”l < 2e.
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Lower bound — postprocessing

P . leorithm: Input: NOutput:
@ Postprocessing algorithm: B ) be {01} be {0.1}*
@ Run algorithm to obtain ps.t. ||p — ppl[; < e.

@ Output any b € {0, 1} such that ||p — pEH1 <e.

It follows that Hpb — ngl < 2e.
@ Thus, let S, = {be {0,1}% : o — pEHI < 2¢}.
© Then b e Sb.

(horizontal edges)

@ Remains to show that 3¢ € (0,1) s.t.
[{b € {0,1}9: b€ Sp}| < 2¢".
(bounded right degree)

Edge when ||p[7 — p;”l < 2e.
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Lower bound — postprocessing

Let b, b € {0,1}9 uniformly at random.
Suppose that 3¢ € (0,1) s.t.

P |los — pll, < 2¢] <27,

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography

Input: __ Output:
be {0,1} be {01}

111 111

Edge when ||ﬂb — pE||1 < 2e.
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Lower bound — postprocessing

Let b, b € {0,1}9 uniformly at random.
Suppose that 3¢ € (0,1) s.t.

P |los — pll, < 2¢] <27,
Q@ #{edges} < 2cdr.2dr

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography

Input: __ Output:
be {0,1} be {01}

111 111

Edge when ||ﬂb — pE||1 < 2e.
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Lower bound — postprocessing

Let b, b € {0,1}9 uniformly at random.
Suppose that 3¢ € (0,1) s.t.

P |los — pll, < 2¢] <27,

Q@ #{edges} < 2cdr.2dr
(2 Zdeg(g) < 2—cdr X 22dr_
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Input: __ Output:
be {0,1} be {01}

Edge when ||ﬂb — pE||1 < 2e.

August 18th, 2022 11/14



Lower bound — postprocessing

Let b, b € {0,1}9 uniformly at random.
Suppose that 3¢ € (0,1) s.t.

P |los — pll, < 2¢] <27,
Q@ #{edges} < 2cdr.2dr
Q@ > deg(b) < 2-¢dr . p2dr,
Q |{b: deg(b) > 2-¢dr/2. pdr}| < p—cdr/2. pdr
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Input: __ Output:
be {0,1} be {01}

Edge when ||ﬂb — pE||1 < 2e.
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Lower bound — postprocessing

Let b, b € {0,1}9 uniformly at random.
Suppose that 9c € (0,1) s.t. Input: Output:

P|los - pgll, < 2¢] <2 be {0,1}% be {01}
1= >~ .

O #{edges} < 2-cdr . p2dr

@ Y deg(b) < 2-cdr . 220",

Q |{b: deg(b) > 27¢dr/2. pdr}| < p—edr/2 . pdr,

Q |{b: deg(b) < 2-cdr/2.2dr}| > pdr(1 _ p—cdr/2),

Edge when ||ﬂb — pE||1 < 2e.
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Lower bound — postprocessing

Let b, b € {0,1}9 uniformly at random.
Suppose that 3¢ € (0,1) s.t.

P [Hpb -zl < 25} < pcdr,
O #{edges} < 2-cdr . p2dr
@ 3 deg(b) < 2722,
Q |{b: deg(b) > 27¢dr/2. pdr}| < p—edr/2 . pdr,
Q |{b: deg(b) < 2-cdr/2.2dr}| > pdr(1 _ p—cdr/2),

@ Let D C {0,1}% be the set for all these b's:
|D| > C-29, with C € (0,1).

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography

Input: _ Output:
be {0,1} be {01}

111 111

Edge when ||ﬂb — pE”l < 2e.

August 18th, 2022 11/14



Lower bound — postprocessing

Let b, b € {0,1}9 uniformly at random.
Suppose that 3¢ € (0,1) s.t.

P {[los — pl, < 2] <27,
Q@ #{edges} < 2cdr.2dr
Q@ > deg(b) < 2-¢dr . p2dr,
Q |{b: deg(b) > 2-¢dr/2. pdr}| < p—cdr/2. pdr
Q |{b: deg(b) < 27/2.2dr}| > pdr(1 — p=cdr/2)
@ Let D C {0,1}% be the set for all these b's:
|D| > C- 29, with C € (0,1).
Thus it remains to show Jc € (0,1) s.t.
P |llos — pall, < 2¢] <27
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Input: _ Output:
be {0,1} be {01}

111 111

Edge when ||ﬂb — pE”l < 2e.
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Lower bound — proximity probability analysis

Remains to prove: Jc € (0,1) s.t.
P [los - ppll; < 26| <27
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Lower bound — proximity probability analysis

Remains to prove: Jc € (0,1) s.t.
P [los - ppll; < 2¢) <27

Approximation: \/% +128e =~ %(1 + 128¢).
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Lower bound — proximity probability analysis

Remains to prove: Jc € (0,1) s.t.
P [los - ppll; < 2¢) <27

Approximation: \/% +128e =~ %(1 + 128¢).

@ Total error: 2(256¢)2.

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 12/14



Lower bound — proximity probability analysis

Remains to prove: Jc € (0,1) s.t.
P [los - ppll; < 2¢) <27

Approximation: \/% +128e =~ %(1 + 128¢).

@ Total error: 2(256¢)2.
@ Simplification:
Hpb pr1 i HXYT|1'
=[U 1)5(1 o Usn,
Y: [ Uiy,
0 o0 = (- 1)b“ (-1

where
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Lower bound — proximity probability analysis

Remains to prove: Jc € (0,1) s.t.
P [los - ppll; < 2¢) <27

Approximation: \/% +128e =~ %(1 + 128¢).

@ Total error: 2(256¢)2.

@ Simplification: 32
Hpb pr1 3 HXYT |1'
=[U 1)5(1 o Usn,
= [ Uiy,
o 6U> (-1 )b“) (-1

© Interpretation: overlaying point clouds.
|XYT||, = max [Tr[YTUX]|

U unitary

= max Y7 |yl Uxl.

U unitary

where
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Lower bound — proximity probability analysis

Remains to prove: Jc € (0,1) s.t. Columns of X Columns of Y
P [los - ppll; < 2¢) <27

Approximation: \/% +128e =~ %(1 + 128¢).

@ Total error: 2(256¢)2.

@ Simplification: 32
Hpb pr1 / HXYT ly
—[U 1)5(1 o Usn,
— [UW1 - U],
6U> (-1 )b“) (-1
© Interpretation: overlaying point clouds.
|XYT||, = max [Tr[YTUX]|

U unitary

where

Columns of UX & Y

= max Ux;
U unitary J 1 ’yj J’
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Lower bound — proximity probability analysis Il

Recall: Y = [UM1 .. U1].
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Lower bound — proximity probability analysis Il

Recall: Y = [UM1 .. U1].

Idea: Let -
1 1 1 1
1 wy w?j wg_l
U = L1 Wi wf w2ld™D
. wglll 3(371) (-1
1 wgfl wi(dfl) wgdfl) |
1 1 1 1
U@ — % 1 wy w?, wf,l_l
1 w(‘j’z wi(d—2) . w((jd—Z)(d—l)_
Then Y = V/dI.
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Lower bound — proximity probability analysis Il

Recall: Y = [UM1 .. U1].

Idea: Let _
1 1 1 e 1

u® = ﬁ 1wy wy wd( Y Columns of X Columns of Y

y y

1 w91 21 (d—1) X1 e 2
F G 2@ ? @-ip T 2 5
1 wi™ wy Wy . X X
11 1 1 i 4 X3 i 4

U@ — % 1 wy w?, wf,l_l
1 wgfz wi(d—2) . w((jd—Z)(d—l)_

Then Y = /dI.
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Lower bound — proximity probability analysis Il
Recall X = [U(l)(j(l) U(r)(s(r)]_

Columns of X Columns of Y
y y
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Lower bound — proximity probability analysis Il

Recall X = [U(l)(j(l) U(r)(s(r)]_
@ For any unitary U:
Hpb - p'ng > % Z}:l |eJTij|.

Columns of X Columns of Y
y y

A.J. Cornelissen (QuSoft, IBM) Lower bound on mixed-state tomography August 18th, 2022 13 /14



Lower bound — proximity probability analysis Il

Recall X = [U(l)(j(l) U(r)(s(r)]_
© For any unitary U:

los — 03], > % >im1 |eJTij|.
@ Greedy strategy to build U.

Columns of X Columns of Y
y y
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Lower bound — proximity probability analysis Il

Recall X = [UMs() ... y(s5()].
@ For any unitary U:
s = pglly = 25 X e Uxl.
@ Greedy strategy to build U.
© Let S; = Span{xy,...,xj—1}. Then: Columns of X Columns of Y
0 dim(§) =, -1 y y

o I¢/us = 1.5 e
© S is independent from x;. 2 ) X
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Lower bound — proximity probability analysis Il

Recall X = [U(l)(j(l) U(r)(s(r)]_
@ For any unitary U:

los — 03], > % >im1 |eJTij|.
@ Greedy strategy to build U.

© Let S; = Span{xy,...,xj—1}. Then: Columns of X Columns of Y
@ dim(S) = 1. y y
@ |efUx| = Hnsﬁxf'H' i L{ yﬂ
© §; is independent from x;. 2 Y1 x
@ Since 6U) has independent entries, 3¢ € (0,1) s.t. 4 X3 4
z z

P|||nsix| - va=TF1| = 3vd] <27 [Rv'13]

13/14
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Lower bound — proximity probability analysis Il

Recall X = [U(l)g(l) U(r)(s(r)]_
@ For any unitary U:

los — 03], > % >im1 |ejTij|.
@ Greedy strategy to build U.

© Let S; = Span{xy,...,xj—1}. Then: Columns of X Columns of Y
@ dim(S) = 1. y y
@ |efUx| = Hnsﬁxf'H' i L{ yﬂ
© §; is independent from x;. 2 Y1 x
@ Since 6U) has independent entries, 3¢ € (0,1) s.t. 4 X3 4
z z

P HHHSJLXJ-H SN/ 1‘ > %\/H] < 274 [RV'13]
@ If ||pp — p||; < 2¢, then the above must hold for
at least r/4 terms.
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Lower bound — proximity probability analysis Il

Recall X = [U(l)g(l) U(r)(s(r)]_
@ For any unitary U:

los — 03], > % >im1 |ejTij|.
@ Greedy strategy to build U.

© Let S; = Span{xy,...,xj—1}. Then: Columns of X Columns of Y
@ dim(S) = 1. y y
@ |efUx| = Hnsﬁxf'H' i L{ yﬂ
© §; is independent from x;. 2 Y1 x
@ Since 6U) has independent entries, 3¢ € (0,1) s.t. 4 X3 4
z z

P HHHSJLXJ-H SN/ 1‘ > %\/H] < 274 [RV'13]
@ If ||pp — p||; < 2¢, then the above must hold for
at least r/4 terms.

- —cdr/4
@ Thus P |||y — o], < 22| < 277",
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Lower bound — proof overview

Idea: “Embed the approximate string recovery problem into the full state-tomography

problem.”
Approximate string recovery Full state tomography
Input: > calls Input:
4 . 505 (| o .
OF) i lj) = @7 |jy | 5 Uz10) o (o)
(controlled, inverse) P (controlled, inverse)
i
FIQ (d—,') Q queries | & = O(e)
et €
n classical
Output: postprocessing ‘ Output:
Any b € Sp. Step 3 ‘ [0 —polly < e
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