How to estimate the volume in low dimension? J

Arjan Cornelissen!, Simon Apers?, Sander Gribling®

1Simons Institute, UC Berkeley, California, USA
2Université Paris Cité, CNRS, IRIF, Paris, France
3Tilburg University, Tilburg, the Netherlands

|'I:|: SlMONS
" an | INSTITUTE

A.J. Cornelissen (Simons Institute)

July 23rd, 2025
I &

Volume estimation

INSTITUT TILBURG
DE RECHERCHE UNl.v;R.srry
EN INFORMATIQUE »jft.
FONDAMENTALE

July 23rd, 2025 1/10



Problem definitions

J. Cornelissen (Simons Institute) Volume estimation July 23rd, 2025 2/10



Problem definitions

@ /nput: K C RY convex, By C K C RBy.

A.J. Cornelissen (Simons Institute) Volume estimation July 23rd, 2025 2/10



Problem definitions

@ /nput: K C RY convex, By C K C RBy.
@ Parameters:

@® d € N - dimension.
® R > 1 - outer radius.
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Problem definitions

@ /nput: K C RY convex, By C K C RBy.
@ Parameters:
@® d € N - dimension.
® R > 1 - outer radius.
@ ¢ > 0 — precision.
© Problems:
@ Kernel estimation:
Output K C K convex such that Yu € 54_1,
T T

maxu’x —minu’x > (1 —¢) [maxu
xeK xeK xeK

T

x—minu'x]|.
xeK

A.J. Cornelissen (Simons Institute) Volume estimation

July 23rd, 2025

2/10



Problem definitions

@ /nput: K C RY convex, By C K C RBy.
@ Parameters:

@® d € N - dimension.

® R > 1 - outer radius.

@ ¢ > 0 — precision.
© Problems:

@ Kernel estimation:
Output K C K convex such that Yu € 54_1,

maxu’x —minu"x > (1 —¢) [maxu"x —minu"x| .
xeK xeK xeK xeK
=:e,(K) (extent) =:eu(K)

A.J. Cornelissen (Simons Institute) Volume estimation July 23rd, 2025 2/10



Problem definitions

@ /nput: K C RY convex, By C K C RBy.
@ Parameters:

@® d € N - dimension.

® R > 1 - outer radius.

@ ¢ > 0 — precision.
© Problems:

@ Kernel estimation:
Output K C K convex such that Yu € 54_1,

maxu’x —minu’x > (1 —¢) maqux—mln urx} .
xeK xeK eK xeK
=:e,(K) (extent) =:eu(K)

@ Volume estimation:

Output v > 0 such that W\fiw <e.
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Access model and computational model
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@ Access model: (membership oracle)
0:R? - {0,1}, O(x) =[x € K].
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Access model and computational model

@ /nput: K C RY convex, By C K C RBy.

@ Access model: (membership oracle)
0:R? - {0,1}, O(x) =[x € K].
© Computational models:

@ Deterministic
® Randomized (success prob. > 2/3) '

© Quantum (O : |x) [0) — |x) |x € K))
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Access model and computational model

Q@ /nput: K C R? convex, By C K C RBy.
@ Access model: (membership oracle)

0:R? - {0,1}, O(x) =[x € K].
© Computational models:

@ Deterministic
® Randomized (success prob. > 2/3) '
© Quantum (O : |x) [0) — |x) |x € K))

© Rounding: [GLS88]

@ Finds an affine transformation: L : x — xg + Tx,
@ Such that By C L(K) C R'By with R" € O(d?),
© In O(poly(d)) deterministic queries.
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Q Rounding: [GLS88]
@ Finds an affine transformation: L : x — xg + Tx,
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Access model and computational model

Q@ /nput: K C R? convex, By C K C RBy.
@ Access model: (membership oracle)

0:R? - {0,1}, O(x) =[x € K].
© Computational models:

@ Deterministic
® Randomized (success prob. > 2/3) '
© Quantum (O : |x)|0) — |x) |x € K))
Q Rounding: [GLS88]
@ Finds an affine transformation: L : x — xg + Tx,
@ Such that By C L(K) C R'By with R" € O(d?),
@ In O(poly(d)) deterministic queries.
O Note: Better versions exist using randomization.

© Observation: No polynomial dependence on R.
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Prior work

Q Parameters: d — 0o, | 0 (wlog R € O(d®)).
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Prior work

Q Parameters: d — 0o, | 0 (wlog R € O(d®)).
@ Previous works (volume estimation):

@ [DF91]: Randomized — O(poly(d,1/¢)) 0 d
@ [CV18]: Randomized - O(d*/e?)
© [CH23]: Quantum — O((iz'zs/s)
© [RMO6]: Randomized — Q(d?)
@ [CCH-+23]: Quantum — Q(V/d)
1/e
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Prior work

Q Parameters: d — 0o, | 0 (wlog R € O(d®)).
@ Previous works (volume estimation):

@ [DF91]: Randomized — O(poly(d,1/¢)) 0 d
@ [CV1g]: Randomized - O(d*/e?)
© [CH23]: Quantum — O((iz'zs/s)
© [RMO6]: Randomized — Q(d?)
@ [CCH-+23]: Quantum — Q(V/d)
© Our focus: d € N fixed, € | 0.
® = Wilog, R € O(1).
1/e
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Prior work

Q Parameters: d — 0o, | 0 (wlog R € O(d®)).

@ Previous works (volume estimation):
@ [DF91]: Randomized — O(poly(d,1/¢)) 0 d

@ [CV18]: Randomized — O(d3/e?)
© [CH23]: Quantum — O(d?*%/¢)
@ [RMO06]: Randomized — Q(d?)
@ [CCH+23]: Quantum — Q(V/d)
© Our focus: d € N fixed, € | 0.
® = Wilog, R € O(1).
Q@ Previous works ( kernel estimation )
© [Chan06]: K = conv({x1,...,Xn}): 1/e
Deterministic time complexity:
@ O(n+e?) ford=2,
@ O(n+e“2)ford>3.
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Naive algorithms

@ Regime: d € N fixed, € | 0,
By CKCO(1):B;y.
K
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Naive algorithms

@ Regime: d € N fixed, € | 0,
By CKCO(1):B;y.
@ Naive algorithms: K
Model ‘ Kernel est. Volume est.
Deterministic
Randomized

Quantum
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Naive algorithms

@ Regime: d € N fixed, € | 0,
Bs C K C O(1)- By.
@ Naive algorithms:
Model ‘ Kernel est. Volume est.
Deterministic | O(1/¢9) 0(1/¢9)
Randomized | O(1/g9)
Quantum | O(1/e9)

Deterministic kernel est. algorithm:
@ Query a grid with spacing ¢.
@ No. queries: O(1/¢9).

© Maximum error: O(g).
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Naive algorithms

@ Regime: d € N fixed, € | 0,
By CKCO(1):B;y.
@ Naive algorithms:
Model ‘ Kernel est. Volume est.
Deterministic | O(1/g9) 0(1/¢9)
Randomized | O(1/e9) 0(1/¢?)
Quantum | O(1/e9)

Deterministic kernel est. algorithm: Randomized vol. est. algorithm:
@ Query a grid with spacing ¢. @ Sample O(1/£?) points.
@ No. queries: O(1/¢9). @ Count the fraction inside K.

© Maximum error: O(g).
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Naive algorithms

@ Regime: d € N fixed, € | 0,
By CKCO(1):B;y.

@ Naive algorithms:

Model ‘ Kernel est. Volume est.

Deterministic | O(1/¢9) O(1/e9)
Randomized | O(1/¢%) 0(1/<?)
Quantum | O(1/e9) O(1/¢)

Deterministic kernel est. algorithm:
@ Query a grid with spacing ¢.
@ No. queries: O(1/¢9).

© Maximum error: O(g).

Volume estimation

Randomized vol. est. algorithm:
@ Sample O(1/£?) points.
@ Count the fraction inside K.

Quantum algorithm: Quadratic speed-up.
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Naive algorithms

@ Regime: d € N fixed, € | 0,
Bs C K C O(1)- By.
@ Naive algorithms:
Model ‘ Kernel est. Volume est.
Deterministic | O(1/g9) 0(1/¢9)
Randomized | O(1/e9) 0(1/¢?)
Quantum | O(1/e9) O(1/¢)
© Naive lower bounds: Q(1).

Deterministic kernel est. algorithm: Randomized vol. est. algorithm:

@ Query a grid with spacing ¢. @ Sample O(1/£?) points.

@ No. queries: O(1/¢9). @ Count the fraction inside K.

© Maximum error: O(g). Quantum algorithm: Quadratic speed-up.
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Results

Q@ Regime: d € N fixed, € | 0,
Bs C K CO(1)- By.

@ MNaive results:

Model ‘ Kernel est. Volume est.

Deterministic | O(1/¢)
Randomized | O(1/¢)
Quantum | O(1/e9)
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Results

Q@ Regime: d € N fixed, € | 0,
Bs C K CO(1)- By.

@ MNaive results:

Model ‘ Kernel est. Volume est.

Deterministic | O(1/¢) O(1/e9)
Randomized | O(1/g9) 0(1/¢?)
Quantum | O(1/e9) O(1/e)

© Our results:

Model ‘ Kernel est. Volume est.
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Results

Volume estimation

Q@ Regime: d € N fixed, € | 0, e
Bs C K C O(1) By o) @(\\6.
© Naive results: é@f )
Model ‘ Kernel est. Volume est. Q ¢
Deterministic | O(1/¢) O(1/e9) 4 i
Randomized | O(1/g9) 0(1/¢?) ot
Quantum | O(1/e9) O(1/¢) 3 .
© Our results: 5 . )
Model ‘ Kernel est. Volume est. , Randomized
=, T = T PSS
Deterministic ?(5 d:) ~@(6 2(d2—1)) 1 e : S e
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Algorithm | — Kernel estimation [Dud74, Chan06]

@ Goal: Find K, K suchthat K C K C K C K ®eBy
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Algorithm | — Kernel estimation [Dud74, Chan06]
@ Goal: Find K, K suchthat K C K C K C K ®eBy

@ Procedure sketch:
@ Take an n-net on I((R + 1)By,).
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@ Goal: Find K, K suchthat K C K C K C K ®eBy
@ Procedure sketch:
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Algorithm | — Kernel estimation [Dud74, Chan06]

@ Goal: Find K, K suchthat K C K C K C K ®eBy
@ Procedure sketch:

@ Take an n-net on I((R + 1)By,).
@ Project every point onto K.

© Define K, K as in the picture.
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Algorithm | — Kernel estimation [Dud74, Chan06]

@ Goal: Find K, K suchthat K C K C K C K ®eBy
@ Procedure sketch:

@ Take an n-net on I((R + 1)By,).
@ Project every point onto K.

© Define K, K as in the picture.
@ Approximation claims: [Dud74]

© KCK+O(n?)- By

@ KC K+ O0(n?)- Ba.
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Algorithm | — Kernel estimation [Dud74, Chan06]

@ Goal: Find K, K suchthat K C K C K C K ®eBy
@ Procedure sketch:

@ Take an n-net on I((R + 1)By,).
@ Project every point onto K.

© Define K, K as in the picture.
@ Approximation claims: [Dud74]
© KCK+O0(n) B
@ KC K+ O0(n) - Ba.
@ No. queries:
©® We choose 1 € O(c1/2).
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Algorithm | — Kernel estimation [Dud74, Chan06]

@ Goal: Find K, K suchthat K C K C K C K ®eBy
@ Procedure sketch:

@ Take an n-net on I((R + 1)By,).
@ Project every point onto K.

© Define K, K as in the picture.
@ Approximation claims: [Dud74]
© KCK+O(n?)- By
@ KC K+ 0(n?)- By
@ No. queries:
©® We choose 1 € O(c1/2).
@ O(n~(9=1) points in the 7-net.
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Algorithm | — Kernel estimation [Dud74, Chan06]

@ Goal: Find K, K suchthat K C K C K C K ®eBy
@ Procedure sketch:

@ Take an n-net on I((R + 1)By,).

@ Project every point onto K.

(convex minimization problem)

® Define K, K as in the picture.
@ Approximation claims: [Dud74]

© KCK+O(n?)- By

@ KC K+ O0(n?)- Ba.
@ No. queries:

©® We choose ) € ©(s1/2).

@ O(n~(9=1) points in the 7-net.

© O(poly(d)) = O(1) queries per point [GLS88].
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Algorithm | — Kernel estimation [Dud74, Chan06]

@ Goal: Find K, K suchthat K C K C K C K ®eBy
@ Procedure sketch:

@ Take an n-net on I((R + 1)By,).

@ Project every point onto K.

(convex minimization problem)

® Define K, K as in the picture.
@ Approximation claims: [Dud74]

© KCK+O(n?)- By

@ KC K+ O0(n?)- Ba.
@ No. queries:

©® We choose ) € ©(s1/2).

@ O(n~(9=1) points in the 7-net.

© O(poly(d)) = O(1) queries per point [GLS88].

= 5(5_%) queries.
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Algorithm | — Kernel estimation [Dud74, Chan06]

@ Goal: Find K, K suchthat K C K C K C K ®eBy
@ Procedure sketch:

@ Take an n-net on I((R + 1)By,).

@ Project every point onto K.

(convex minimization problem)

® Define K, K as in the picture.
@ Approximation claims: [Dud74]

© KCK+O(n?)- By

@ KC K+ O0(n?)- Ba.
@ No. queries:

©® We choose ) € ©(s1/2).

@ O(n~(9=1) points in the 7-net.

© O(poly(d)) = O(1) queries per point [GLS88].

= 5(5_%) queries.

@ Remark: Approximation errors. [Chan06]
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Algorithm |l — Volume estimation

@ Procedure: (§ > 0)

@ Find a §-kernel deterministically:
@ Find K, K, s.t.
KCKCKCK®JBs.
@ = Vol(K\ K) € 0(6).

x|
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Algorithm |l — Volume estimation

@ Procedure: (§ > 0)
@ Find a §-kernel deterministically:
@ Find K, K, s.t.
KCKCKCK®IB,.
@ = Vol(K\ K) € 0(5).
@ Refine the estimate:

@ Randomized: sample from K\ K.
@ Quantum: use amplitude estimation.

A.J. Cornelissen (Simons Institute) Volume estimation July 23rd, 2025 8/10



Algorithm |l — Volume estimation

@ Procedure: (§ > 0)
@ Find a 6-kernel deterministically:
® Find K,?, s.t.
KCKCKCK®IB..
@ = Vol(K\ K) € 0(5).
@ Refine the estimate:
@ Randomized: sample from K \ K.

@ Quantum: use amplitude estimation.

@ Analysis: (for any 6 > 0)
@ Deterministic (5 = E) 5(5—%),
® Randomized: 0(6_* (2)2)
@ Quantum: O(5~F + +2).
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Algorithm |l — Volume estimation

@ Procedure: (§ > 0)
@ Find a 6-kernel deterministically:
® Find K,?, s.t.
KCKCKCK®IB..
@ = Vol(K\ K) € 0(5).
@ Refine the estimate:
@ Randomized: sample from K \ K.

@ Quantum: use amplitude estimation.

@ Analysis: (for any 6 > 0)
©® Deterministic (6 = ¢): 5(5_%).
@ Randomized: O(6~ % + (2)2)
© Quantum: 5(6_% + g)
© Balance: Optimize §.
= All complexities follow.
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Lower bounds

© Bit string embedding:
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Lower bounds

© Bit string embedding:
® Let vi,...,v, be an n-net in O(RBy).
= n=0(n"d1) Vi

%) V6

V3 Vs

17}
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Lower bounds

© Bit string embedding:
® Let vi,...,v, be an n-net in O(RBy).
~ n= O(-d-D).
@ Let B; be the spherical cap around v;.
= Vol(B;) = ©(n*1).
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Lower bounds

© Bit string embedding:
® Let vi,...,v, be an n-net in O(RBy).
~ n = On-(a-D),
@ Let B; be the spherical cap around v;.
= Vol(B;) = ©(n*1).
© For x € {0,1}", let K, = BOUUJ -1 B;.

= Vol(Ky) = Vol(Bo) + |x| Vol(B )
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Lower bounds

© Bit string embedding:
® Let vi,...,v, be an n-net in O(RBy).
= = O D),
@ Let B; be the spherical cap around v;.
= Vol(B;) = ©(n*1).
© For x € {0,1}", let K, = BOUUJ -1 B;.
= Vol(K) = Vol(By) + |x| Vol(B )

@ Query complexities: (k € [1,n/4])

Recovery Approx. counting
Model | [x&® X| < k [|x| — w| < k
Deterministic ©(n) ©(n)
Randomized O(n) ©(min(n, (n/k)?))
Quantum O(n) O(n/k)
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Lower bounds

© Bit string embedding:
® Let vi,...,v, be an n-net in O(RBy).
= = O D),
@ Let B; be the spherical cap around v;.
= Vol(B;) = ©(n*1).
© For x € {0,1}", let KX—BOUUJ -1 B;.
= Vol(K) = Vol(By) + |x| Vol(B )

@ Query complexities: (k € [1,n/4])

Recovery Approx. counting
Model | [x&® X| < k [|x| — w| < k
Deterministic ©(n) ©(n)
Randomized O(n) ©(min(n, (n/k)?))
Quantum O(n) O(n/k)

© Plugin: n= @(n—(d—l)) and k = @(87]_(d+1))_
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Lower bounds

© Bit string embedding:
® Let vi,...,v, be an n-net in O(RBy).
= = O D),
@ Let B; be the spherical cap around v;.
= Vol(B;) = ©(n*1).
© For x € {0,1}", let KX—BOUUJ -1 B;.
= Vol(K) = Vol(By) + |x| Vol(B )

@ Query complexities: (k € [1,n/4])

Recovery Approx. counting
Model | [x&® X| < k [|x| — w| < k
Deterministic ©(n) ©(n)
Randomized O(n) ©(min(n, (n/k)?))
Quantum O(n) O(n/k)

Q Plug in: n=0(n"(@1) and k = O(en~(d+1).
@ Balance: Optimize n = All bounds follow.
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Summary

Volume estimation

Our results: (d € N fixed, € | 0) S(™) «6\\?\
Model ‘ Kernel est.  Volume est. QQ:”,/
Deterministic é(s_%) C:)(a_%) 4 o
Randomized é(s_%) é(ej(j;;)) . b.
Quantum (:)(5_%) é(g_%) 3 '
2 Y ) Randomiz.ed_
i' -t Quantum

23456789101112d
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Summary

Volume estimation

Our results: (d € N fixed, € | 0) O(7) «6\\?\
Model ‘ Kernel est. Volume est. Qé},'f

Deterministic é(s_%) é(e_%) 4 o
Randomized é(s_%) é(ej(j;;)) . bb

Quantum C:)(z—:_dgl) é(s_%) 3 '

2 . ;

Thanks for your attention! . Randomized

ajcornelissen@outlook.com N : . e e e e
a0 Quantum

23456789101112d
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