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2Université Paris Cité, CNRS, IRIF, Paris, France

3Tilburg University, Tilburg, the Netherlands

July 23rd, 2025

A.J. Cornelissen (Simons Institute) Volume estimation July 23rd, 2025 1 / 10



Problem definitions

1 Input: K ⊆ Rd convex, Bd ⊆ K ⊆ RBd .
2 Parameters:

1 d ∈ N – dimension.
2 R > 1 – outer radius.
3 ε > 0 – precision.

3 Problems:
1 Kernel estimation:

Output K̃ ⊆ K convex such that ∀u ∈ Sd−1,

max
x∈K̃

uT x −min
x∈K̃

uT x︸ ︷︷ ︸

=:eu(K̃) (extent)

≥ (1− ε)

[
max
x∈K

uT x −min
x∈K

uT x

]
︸ ︷︷ ︸

=:eu(K)

.

2 Volume estimation:
Output Ṽ ≥ 0 such that |Ṽ−Vol(K)|

Vol(K) ≤ ε.
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Vol(K) ≤ ε.

K

0

1

R

u

e u
(K
)

e u
(K̃
)

K̃

A.J. Cornelissen (Simons Institute) Volume estimation July 23rd, 2025 2 / 10



Problem definitions

1 Input: K ⊆ Rd convex, Bd ⊆ K ⊆ RBd .
2 Parameters:

1 d ∈ N – dimension.
2 R > 1 – outer radius.
3 ε > 0 – precision.

3 Problems:
1 Kernel estimation:

Output K̃ ⊆ K convex such that ∀u ∈ Sd−1,

max
x∈K̃

uT x −min
x∈K̃

uT x︸ ︷︷ ︸
=:eu(K̃) (extent)

≥ (1− ε)

[
max
x∈K

uT x −min
x∈K

uT x

]
︸ ︷︷ ︸

=:eu(K)

.

2 Volume estimation:
Output Ṽ ≥ 0 such that |Ṽ−Vol(K)|
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Output Ṽ ≥ 0 such that |Ṽ−Vol(K)|
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Access model and computational model

1 Input: K ⊆ Rd convex, Bd ⊆ K ⊆ RBd .

2 Access model: (membership oracle)
O : Rd → {0, 1}, O(x) = [x ∈ K ].

3 Computational models:
1 Deterministic
2 Randomized (success prob. ≥ 2/3)
3 Quantum (O : |x⟩ |0⟩ 7→ |x⟩ |x ∈ K ⟩)

4 Rounding: [GLS88]
1 Finds an affine transformation: L : x 7→ x0 + Tx ,
2 Such that Bd ⊆ L(K ) ⊆ R ′Bd with R ′ ∈ O(d3),

3 In Õ(poly(d)) deterministic queries.
4 Note: Better versions exist using randomization.

5 Observation: No polynomial dependence on R.

K

0

1

L(K )

R

R′ ∈ O(d3)
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Prior work

1 Parameters: d → ∞, ε ↓ 0 (wlog R ∈ O(d3)).

2 Previous works (volume estimation):

1 [DF91]: Randomized – Õ(poly(d , 1/ε))
...

2 [CV18]: Randomized – Õ(d3/ε2)

3 [CH23]: Quantum – Õ(d2.25/ε)

4 [RM06]: Randomized – Ω̃(d2)

5 [CCH+23]: Quantum – Ω̃(
√
d)

3 Our focus: d ∈ N fixed, ε ↓ 0.
1 ⇒ Wlog, R ∈ O(1).

4 Previous works (kernel estimation):
1 [Chan06]: K = conv({x1, . . . , xn}):

Deterministic time complexity:

1 O(n + ε−1/2) for d = 2,

2 Õ(n + ε−(d−2)) for d ≥ 3.

1/ε

0
d
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3 [CH23]: Quantum – Õ(d2.25/ε)
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Naive algorithms

1 Regime: d ∈ N fixed, ε ↓ 0,
Bd ⊆ K ⊆ O(1) · Bd .

2 Naive algorithms:

Model Kernel est. Volume est.

Deterministic

O(1/εd) O(1/εd)

Randomized

O(1/εd) O(1/ε2)

Quantum

O(1/εd) O(1/ε)

3 Naive lower bounds: Ω(1).

K

1

ε

K̃

Deterministic kernel est. algorithm:

1 Query a grid with spacing ε.

2 No. queries: O(1/εd).

3 Maximum error: O(ε).

Randomized vol. est. algorithm:

1 Sample O(1/ε2) points.

2 Count the fraction inside K .

Quantum algorithm: Quadratic speed-up.
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Results

1 Regime: d ∈ N fixed, ε ↓ 0,
Bd ⊆ K ⊆ O(1) · Bd .

2 Naive results:
Model Kernel est. Volume est.

Deterministic O(1/εd) O(1/εd)
Randomized O(1/εd) O(1/ε2)

Quantum O(1/εd) O(1/ε)

3 Our results:
Model Kernel est. Volume est.
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Θ̃(ε−
d−1
2 ) Θ̃(ε−
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Θ̃(ε−
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Quantum
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Algorithm I – Kernel estimation [Dud74, Chan06]

1 Goal: Find K ,K such that K ⊆ K ⊆ K ⊆ K ⊕ εBd.

2 Procedure sketch:
1 Take an η-net on ∂((R + 1)Bd).
2 Project every point onto K .

(convex minimization problem)

3 Define K , K as in the picture.

3 Approximation claims: [Dud74]
1 K ⊆ K + O(η2) · Bd

2 K ⊆ K + O(η2) · Bd .

4 No. queries:
1 We choose η ∈ Θ(ε1/2).
2 O(η−(d−1)) points in the η-net.

3 Õ(poly(d)) = Õ(1) queries per point [GLS88].

⇒ Õ(ε−
d−1
2 ) queries.

5 Remark: Approximation errors. [Chan06]

K

K

K
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Algorithm II – Volume estimation

1 Procedure: (δ > 0)
1 Find a δ-kernel deterministically:

1 Find K ,K , s.t.
K ⊆ K ⊆ K ⊆ K ⊕ δBd .

2 ⇒ Vol(K \ K) ∈ O(δ).

2 Refine the estimate:

1 Randomized: sample from K \ K .
2 Quantum: use amplitude estimation.

2 Analysis: (for any δ > 0)

1 Deterministic (δ = ε): Õ(ε−
d−1
2 ).

2 Randomized: Õ(δ−
d−1
2 +

(
δ
ε

)2
).

3 Quantum: Õ(δ−
d−1
2 + δ

ε ).

3 Balance: Optimize δ.
⇒ All complexities follow.
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Lower bounds

1 Bit string embedding:
1 Let v1, . . . , vn be an η-net in ∂(RBd).

⇒ n = Θ(η−(d−1)).
2 Let Bj be the spherical cap around vj .

⇒ Vol(Bj) = Θ(ηd+1).
3 For x ∈ {0, 1}n, let Kx = B0 ∪

⋃n
j=1
xj=1

Bj .

⇒ Vol(Kx) = Vol(B0) + |x |Vol(Bj).

2 Query complexities: (k ∈ [1, n/4])
Recovery Approx. counting

Model |x ⊕ x̃ | ≤ k ||x | − w̃ | ≤ k
Deterministic Θ(n) Θ(n)
Randomized Θ(n) Θ(min(n, (n/k)2))

Quantum Θ(n) Θ(n/k)

3 Plug in: n = Θ(η−(d−1)) and k = Θ(εη−(d+1)).

4 Balance: Optimize η ⇒ All bounds follow.
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B1

v1

B2

v2

B3
v3

B4

v4

B5
v5

B6

v6
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Summary

Our results: (d ∈ N fixed, ε ↓ 0)

Model Kernel est. Volume est.

Deterministic Θ̃(ε−
d−1
2 ) Θ̃(ε−

d−1
2 )

Randomized Θ̃(ε−
d−1
2 ) Θ̃(ε−

2(d−1)
d+3 )

Quantum Θ̃(ε−
d−1
2 ) Θ̃(ε−

d−1
d+1 )

Thanks for your attention!
ajcornelissen@outlook.com
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