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Problem statement

1 Given
1 A probability space (Ω, 2Ω,P)
2 A random variable X : Ω→ B ⊆ Rd

2 Mean:

µ = E[X ] =
∑
ω∈Ω

P(ω)X (ω) ∈ Rd

3 Mean estimation problem: find µ̃ ∈ Rd s.t.

‖µ̃− µ‖∞ < ε

4 Variants:

Classically Quantumly

Univariate (d = 1) Textbook Textbook
Multivariate (d > 1) Textbook Topic of this talk

Ω

XB

µ
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Access models

Given

1 A probability space (Ω, 2Ω,P),

2 A random variable
X : Ω→ B ⊆ Rd .

We want to approximate µ.

Classical access model:

1 Obtain outcome ω ∼ P.

2 Function ω 7→ X (ω).

Quantum access model:

1 Distribution oracle:

|0〉 7→
∑
ω∈Ω

√
P(ω) |ω〉.

2 Random variable oracle:

|ω〉 |0〉 7→ |ω〉 |X (ω)〉.

Think of

|X (ω)〉 = |X (ω)1〉 ⊗ |X (ω)2〉 ⊗ · · · ⊗ |X (ω)d〉

Calls to these routines are samples.
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Univariate mean estimation

Problem: Compute E[X ]± ε.

Let X : Ω→ [0, 1].

0 1

B

Classical algorithm:

1 Take samples ω1, . . . , ωN ∈ Ω.

2 Compute 1
N

∑N
j=1 X (ωj).

Computes E[X ]± 1/
√
N w.h.p.

⇒ N = O(1/ε2)

Quantum algorithm:

U : |0〉 |0〉 7→
∑
ω∈Ω

√
P(ω) |ω〉 |0〉

7→
∑
ω∈Ω

√
P(ω) |ω〉

(√
X (ω) |1〉+

√
1− X (ω) |0〉

)
=
∑
ω∈Ω

√
P(ω)X (ω) |ω〉 |1〉+ (· · · ) |0〉

=
√
E[X ] |ψ1〉 |1〉+

√
1− E[X ] |ψ0〉 |0〉.

Amplitude estimation finds E[X ]± ε
with N = O(1/ε) calls to U.

Quadratic quantum speed-up!
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Multivariate mean estimation

Problem: Compute E[X ]± ε in `∞-norm.

Let X : Ω→ [0, 1]d .

Classical algorithm:
1 Run 1D-algorithm with N samples:

1 Take samples ω1, . . . , ωN ∈ Ω.
2 Compute 1

N

∑N
j=1 X (ωj) ∈ [0, 1]d .

2 Median trick: Repeat O(log(d)) times
and take the coordinate-wise median.

Computes E[X ]± 1/
√
N in `∞-norm w.h.p.

⇒ N = O(1/ε2).
Total number of samples: O(log(d)/ε2).

0 1

1
B

Quantum algorithm:

U : |0〉 |0〉 7→√
E[X ] |ψ1〉 |1〉+

√
1− E[X ] |ψ0〉 |0〉.

Roadblock: It is not clear how to
represent E[X ] ∈ Rd as an amplitude.
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Intermezzo: Quantum oracle conversions [GAW18]

Let D a finite set, f : D → [0, 1], and x ∈ D.

1 Binary oracle: Bf ,ε : |x〉 |0〉 7→ |x〉
∣∣∣f̃ (x)

〉
, where |f (x)− f̃ (x)| < ε.

2 Probability oracle: Uf : |x〉 |0〉 |0〉 7→ |x〉
(√

f (x) |ψ1〉 |1〉+
√

1− f (x) |ψ0〉 |0〉
)

.

3 Phase oracle: Of : |x〉 7→ e if (x) |x〉.
Oracle conversion graph:

Bf ,ε

Of Uf

Phase estimation : O( 1
ε ) O( 1

ε ) : Amplitude estimation

Õ(1)

[GAW18]
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New univariate mean estimation I

1 Let X : Ω→ [0, 1].

2 Let G = { j
2n : j ∈ {0, . . . , 2n − 1}}.

3 Let f : G → [0, 1], f (g) = gE[X ].

4 Probability oracle to f :

Uf : |g〉 |0〉 |0〉 7→ |g〉
∑
ω∈Ω

√
P(ω) |ω〉 |0〉

7→ |g〉
∑
ω∈Ω

√
P(ω) |ω〉

(√
gX (ω) |1〉+

√
1− gX (ω) |0〉

)
= |g〉

(√
gE[X ] |ψ1〉 |1〉+

√
1− gE[X ] |ψ0〉 |0〉

)
.

5 Can be turned into phase oracle:

Of : |g〉 7→ e igE[X ] |g〉
with Õ(1) calls to Uf .

0 1

B

0 1

G
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with Õ(1) calls to Uf .

0 1

B

0 1

G

A.J. Cornelissen (QuSoft) Q.A. for multivariate mean estimation April 20th, 2022 7 / 13



New univariate mean estimation I

1 Let X : Ω→ [0, 1].

2 Let G = { j
2n : j ∈ {0, . . . , 2n − 1}}.

3 Let f : G → [0, 1], f (g) = gE[X ].

4 Probability oracle to f :

Uf : |g〉 |0〉 |0〉 7→ |g〉
∑
ω∈Ω

√
P(ω) |ω〉 |0〉

7→ |g〉
∑
ω∈Ω

√
P(ω) |ω〉

(√
gX (ω) |1〉+

√
1− gX (ω) |0〉

)
= |g〉

(√
gE[X ] |ψ1〉 |1〉+

√
1− gE[X ] |ψ0〉 |0〉

)
.

5 Can be turned into phase oracle:

Of : |g〉 7→ e igE[X ] |g〉
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New univariate mean estimation II

1 Let X : Ω→ [0, 1].

2 Let G = { j
2n : j ∈ {0, . . . , 2n − 1}}.

3 Let f : G → [0, 1], f (g) = gE[X ].

4 We can implement Of with Õ(1) overhead.

5 Recall quantum Fourier transform, for k ∈ {0, . . . , 2n − 1}:
|k〉 7→ 1√

|G |

∑
g∈G

e2πigk |g〉.

Algorithm:

1√
|G |

∑
g∈G
|g〉

ON
f7→ 1√
|G |

∑
g∈G

e iNgE[X ] |g〉

QFT†
 

∣∣∣∣round(E[X ]N

2π

)〉
.

⇒ N = O(1/ε).

0 1

B

0 1

G
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5 Recall quantum Fourier transform, for k ∈ {0, . . . , 2n − 1}:
|k〉 7→ 1√

|G |

∑
g∈G

e2πigk |g〉.

Algorithm:

1√
|G |

∑
g∈G
|g〉

ON
f7→ 1√
|G |

∑
g∈G

e iNgE[X ] |g〉

QFT†
 

∣∣∣∣round(E[X ]N

2π

)〉
.

⇒ N = O(1/ε).

0 1

B

0 1

G

A.J. Cornelissen (QuSoft) Q.A. for multivariate mean estimation April 20th, 2022 8 / 13



New univariate mean estimation II

1 Let X : Ω→ [0, 1].

2 Let G = { j
2n : j ∈ {0, . . . , 2n − 1}}.

3 Let f : G → [0, 1], f (g) = gE[X ].

4 We can implement Of with Õ(1) overhead.
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Multivariate mean estimation I

1 Let X : Ω→ {~x ∈ Rd : ~x ≥ 0, ‖~x‖1 ≤ 1} ⊆ Rd .

2 Let G = { j
2n : j ∈ {0, . . . , 2n − 1}}d .

3 Let f : G → [0, 1], f (~g) = ~gTE[X ].

4 Probability oracle to f :

Uf : |~g〉 |0〉 |0〉 7→ |~g〉
∑
ω∈Ω

√
P(ω) |ω〉 |0〉

7→ |~g〉
∑
ω∈Ω

√
P(ω) |ω〉

(√
~gTX (ω) |1〉+

√
1− ~gTX (ω) |0〉

)
= |~g〉

(√
~gTE[X ] |ψ1〉 |1〉+

√
1− ~gTE[X ] |ψ0〉 |0〉

)
.

5 Can be turned into phase oracle:

Of : |~g〉 7→ e i~g
TE[X ] |~g〉

with Õ(1) calls to Uf .
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1
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0 1

1
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Multivariate mean estimation II

1 Let X : Ω→ {~x ∈ Rd : ~x ≥ 0, ‖~x‖1 ≤ 1} ⊆ Rd .

2 Let G = { j
2n : j ∈ {0, . . . , 2n − 1}}d .

3 Let f : G → [0, 1], f (~g) = ~gTE[X ].

4 We can implement Of with Õ(1) overhead.

5 Recall quantum Fourier transform, for ~k ∈ {0, . . . , 2n − 1}d :∣∣∣~k〉 7→ 1√
|G |

∑
g∈G

e2πi~gT ~k |~g〉.

Algorithm:

1√
|G |

∑
g∈G
|g〉

ON
f7→ 1√
|G |

∑
g∈G

e iNgTE[X ] |g〉

QFT†
 

∣∣∣∣round(NE[X ]

2π

)〉
.

⇒ N = O(1/ε).
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Improvements

Improvements on the algorithm [CJ21,CHJ21]:

1 We can set B = {~x ∈ Rd : ‖~x‖1 ≤ 1}.
Core idea: O†f : |x〉 7→ e−if (x) |x〉.

2 We can set B = {~x ∈ Rd : ‖~x‖2 ≤ 1}.
Core idea: E

~g∼G

[∣∣∣~gT~v
∣∣∣] = O(‖~v‖2) for a centered grid.

3 We can compute OE[X ], for some OTO = OOT = I .
Core idea: Rotate grid by OT .

4 We can relax to Tr[Cov(X )] ≤ 1. [QIP talk]
Core idea: Find quantiles and reduce to bounded case.

All improvements retain Õ(1/ε).
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Summary & Outlook

Summary:

1 Oracle conversion techniques.

2 Multivariate mean estimation algorithm.

3 Overview of improvements.

4 Limits.

Possible further research directions:

1 Log factors?

2 Other `p-norms in the bounded-variance case?

3 (Coordinate-wise) multiplicative error case?

4 Unbiased estimators?

Thanks for your attention!
arjan@cwi.nl
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