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Problem statement

@ Given
@ A probability space (Q,2%,P) Q
® A random variable X : Q — B C RY
Q@ Mean:
p=E[X]=> Pw)X(w)ecR’
we
© Mean estimation problem: find fi € RY s.t. B >X
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Problem statement

@ Given
@ A probability space (Q,2%,P) Q
® A random variable X : Q — B C RY
Q@ Mean:
p=E[X]=> Pw)X(w)ecR’
we
© Mean estimation problem: find fi € RY s.t. B >X
1= plle <e
© Variants: m

‘Classically Quantumly \
Univariate (d = 1) | Textbook Textbook

Multivariate (d > 1) | Textbook  Topic of this talk
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Access models

Quantum access model:
Given

© A probability space (2,2, P),

@ A random variable
X:Q— BCRY,

We want to approximate pu.

@ Distribution oracle:

0) = > VE(w) |w).

weN

Classical access model:
@ Obtain outcome w ~ P.
@ Function w — X(w).
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Quantum access model:
Given

© A probability space (2,2, P),

@ A random variable
X:Q— BCRY,

We want to approximate pu.

@ Distribution oracle:
0) = > VP(W) |w).
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@ Random variable oracle:
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Access models

Quantum access model:
Given

© A probability space (2,2, P),

@ A random variable
X:Q— BCRY,

We want to approximate pu.

@ Distribution oracle:
0) = > VP(W) |w).
weN
@ Random variable oracle:
|w) [0) = [w) [ X (w)).
Classical access model: Think of
@ Obtain outcome w ~ P.

@ Function w — X(w). (X (w)) = [X(w)1) ® [X(w)2) @ - @ [X(w)a)
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Access models

Given

© A probability space (2,2, P),

@ A random variable
X:Q— BCRY,

We want to approximate pu.

Classical access model:
@ Obtain outcome w ~ P.
@ Function w — X(w).

A.J. Cornelissen (QuSoft)

Quantum access model:

@ Distribution oracle:

0) = > VE(w) |w).

weN
@ Random variable oracle:

w) 0) = |w) [X(w))-
Think of
[X(w)) = [X(w)1) ® [X(w)2) @ - @ | X(w)a)

Calls to these routines are samples.
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Univariate mean estimation

Problem: Compute E[X] £ ¢.
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Problem: Compute E[X] £ ¢.
Let X : Q — [0, 1].
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Univariate mean estimation

Problem: Compute E[X] £ ¢.
Let X : Q — [0, 1].
B
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0 1

Classical algorithm:
© Take samples wi,...,wy € Q.
N
@ Compute & > =1 X(w))-
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Univariate mean estimation

Problem: Compute E[X] £ ¢.
Let X : Q — [0, 1].

B

%_$7

0 1

Classical algorithm:
© Take samples wi,...,wy € Q.
@ Compute & Zszl X(wj).
Computes E[X] +1/v/N w.h.p.
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Classical algorithm:
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5 U:0)]0) = Y VB(w) |w) [0)
%_$7 weN

0 1

Classical algorithm:

© Take samples wi,...,wy € Q.
N
@ Compute & > =1 X(w))-

Computes E[X] +1/v/N w.h.p.
= N = 0(1/e?)

A.J. Cornelissen (QuSoft) Q.A. for multivariate mean estimation April 20th, 2022 4/13



Univariate mean estimation

Problem: Compute E[X] £ ¢. .
Let X : Q — [0,1]. Quantum algorithm:
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Classical algorithm:
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N
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Univariate mean estimation

Problem: Compute E[X] £ ¢. .
Let X : Q — [0,1]. Quantum algorithm:

U:10)10) = > VB(w) |w) [0)

B
H_‘i we
0 1 = > VR W) (¢x<w) 1)+ V1= X(w)[0})
wen
Classical algorithm: = Z \2's w)|w) [1) 4 (---)[0)

O Take samples wy,...,wy € Q. weQ

@ Compute NZ 1X(wJ)

Computes E[X] +1/v/N w.h.p.
= N = 0(1/e?)
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Let X : Q — [0,1]. Quantum algorithm:

U:10)10) = > VB(w) |w) [0)
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= VE[X][¢1) [1) + V1 = E[X] [¢)o) |0).

@ Compute & Zszl X(wj).

Computes E[X] +1/v/N w.h.p.
= N = 0(1/e?)

A.J. Cornelissen (QuSoft) Q.A. for multivariate mean estimation April 20th, 2022 4/13



Univariate mean estimation

Problem: Compute E[X] £ ¢. .
Let X : Q — [0,1]. Quantum algorithm:

U:10)10) = > VB(w) |w) [0)
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0 1 = > VE@) ) (VX@ L)+ VI=X(@)[0)
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Classical algorithm: = Z VP(w)X(w) |w) [1) 4 (---) [0)
O Take samples wy,...,wy € Q. wel
= VE[X][¢1) [1) + V1 = E[X] [¢)o) |0).

@ Compute & SN | X(w)).
N == ’ Amplitude estimation finds E[X] £ ¢
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Univariate mean estimation

Problem: Compute E[X] £ ¢. .
Let X : Q — [0,1]. Quantum algorithm:

U:10)10) = > VB(w) |w) [0)

B
H_‘i weR
0 1 = > VE@) ) (VX@ L)+ VI=X(@)[0)
we
Classical algorithm: = Z VP(w)X(w) |w) [1) 4 (---) [0)
O Take samples wy,...,wy € Q. wel
= VE[X][¢1) [1) + V1 = E[X] [¢)o) |0).

@ Compute & SN | X(w)).
N == ’ Amplitude estimation finds E[X] £ ¢
Computes E[X] £ 1/VN w.hp.  isn' y — O(1/¢) calls to U.
= N = 0(1/e?)

Quadratic quantum speed-up!
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Multivariate mean estimation

Problem: Compute E[X] £ ¢ in £oo-norm.

A.J. Cornelissen (QuSoft) Q.A. for multivariate mean estimation April 20th, 2022 5/13



Multivariate mean estimation

Problem: Compute E[X] £ ¢ in £oo-norm.
Let X : Q — [0,1]9.

A.J. Cornelissen (QuSoft) Q.A. for multivariate mean estimation April 20th, 2022 5/13



Multivariate mean estimation

Problem: Compute E[X] £ ¢ in £oo-norm.
Let X : Q — [0,1]9.

Classical algorithm:
© Run 1D-algorithm with N samples:

@ Take samples wy,...,wy € 2.
@ Compute % S, X(w)) € [0,1]%.

@ Median trick: Repeat O(log(d)) times
and take the coordinate-wise median.
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Problem: Compute E[X] £ ¢ in £oo-norm.
Let X : Q — [0,1]9.

Classical algorithm:
© Run 1D-algorithm with N samples:
@ Take samples wy,...,wy € 2.
@ Compute % S, X(w)) € [0,1]%.
@ Median trick: Repeat O(log(d)) times
and take the coordinate-wise median.

Computes E[X] £ 1/v/N in £o-norm w.h.p.
= N = 0O(1/e?).
Total number of samples: O(log(d)/e?).
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Multivariate mean estimation

Problem: Compute E[X] £ ¢ in £oo-norm.
Let X : Q — [0,1]9.

Classical algorithm:
© Run 1D-algorithm with N samples:
@ Take samples wy,...,wy € 2.
@ Compute % S, X(w)) € [0,1]%.
@ Median trick: Repeat O(log(d)) times
and take the coordinate-wise median. U:10)0) —

VEX][¢1) 1) + /1 = E[X][¢0) |0).

Quantum algorithm:

Computes E[X] £ 1/v/N in £o-norm w.h.p.
= N = 0O(1/e?).
Total number of samples: O(log(d)/e?).
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Multivariate mean estimation

Problem: Compute E[X] £ ¢ in £oo-norm.
Let X : Q — [0,1]9.

Classical algorithm:
© Run 1D-algorithm with N samples:
@ Take samples wy,...,wy € 2.
@ Compute % S, X(w)) € [0,1]%.
@ Median trick: Repeat O(log(d)) times
and take the coordinate-wise median. U:10)0) —
VE[X][¥1) [1) + /1 = E[X] o) [0).
Roadblock: 1t is not clear how to
represent E[X] € RY as an amplitude.

Quantum algorithm:

Computes E[X] £ 1/v/N in £o-norm w.h.p.
= N = 0O(1/e?).
Total number of samples: O(log(d)/e?).
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Intermezzo: Quantum oracle conversions [GAW18|

Let D a finite set, f : D — [0,1], and x € D.
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Intermezzo: Quantum oracle conversions [GAW18|

Let D a finite set, f : D — [0,1], and x € D.
@ Binary oracle: Br, : |x) |0) — |x) ‘F(x)> where |f(x) — f(x)| < e.
@ Probability oracle: Uy : |x) |0)[0) — |x) (\/ ) 1) [1) + /1 — f(x) |1o) |0>

© Phase oracle: Of : |x) — ef) |x).

Oracle conversion graph:

Phase estimation : O(2) O(L) : Amplitude estimation

O(1)

O 1
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New univariate mean estimation |

Q Let X:Q —[0,1].

@ let G={4 :jec{0,...,2" —1}}.

@ Letf: G —[0,1], f(g) = gE[X].

@ Probability oracle to f: B

Ur : 18)10)10)  [g) 3 vP(w) ) [0) 0 1
we
= 1g) Y VE@) @) (VEX(@) 1) + VI - gX(@)[0)) G
we %mun«%
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New univariate mean estimation |

Q Let X :Q—[0,1].
@ let G={4 :jec{0,...,2" —1}}.
@ Letf: G —[0,1], f(g) = gE[X].

@ Probability oracle to f: B
Ur : 1g)10) [0) 1 g) > VP(w) |} 0) 0 1
we
= 1g) D2 V) ) (VEX@) 1) + VI - gX(@)[0) G
we %mun«%
= lg) (VEEX] [41) 11) + V1 - gB[X] [40) 10)). o 1

© Can be turned into phase oracle:
Or : |g) — "X |g)
with O(1) calls to Us.
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New univariate mean estimation |l

Q Let X:Q —[0,1].

Q@ let G={4:jc{0,...,2"—1}}.

Q Letf: G —[0,1], f(g) = gE[X].

@ We can implement Of with O(1) overhead.
© Recall quantum Fourier transform, for k € {0,...,2" — 1}: ——F

engk |g 0 1
" Z

. ) G
Algorithm: —fovssns] —
1 iNgE[X] 0 1
e Z g2 e
‘G ‘G geG
QEIT round (E[X]N>> .
2w

= N =0(1/e).
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Multivariate mean estimation |

QO Let X:Q— {¥xcRY: ¥>0,|x||, <1} CRC.
Q@ let G={4:jc{0,...,2"—1}}7.

Q Let f: G —[0,1], f(&) = g"E[X].

@ Probability oracle to f:

Ur :18)10)[0) = 18) Y V/P(w)|w) |0)

weN

~>§>Z¢P(w)|w>( FTX(@)|1) + 1—§TX(w)ro>)

G
weN 1 fozensen |
—19) (V2 BT o) 1) + 1~ 7B ) [0)). i
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Multivariate mean estimation |

QO Let X:Q— {¥xcRY: ¥>0,|x||, <1} CRC.
Q@ let G={4:jc{0,...,2"—1}}7.

Q Let f: G —[0,1], f(&) = g"E[X].

@ Probability oracle to f:

Ur :18)10)[0) = 18) Y V/P(w)|w) |0)

weN

~>§>Z¢P(w)|w>( FTX(@)|1) + 1—§TX(w)|o>) .

weN
12 ( ETEIX] [41) 1) + /1 — ETE[X] o) ro>).

© Can be turned into phase oracle:
Or : |g) = 8" Ig)
with 6(1) calls to Ur.
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Multivariate mean estimation I

QO Let X:Q— {XxeR?: ¥>0,|5||, <1} CRC.
@ Llet G={4 :jec{0,...,2"—1}}7.

Q Let f: G —[0,1], f(g) = g"E[X].

@ We can implement Of with O(1) overhead.
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@ Recall quantum Fourier transform, for k € {0,...,2" — 1}
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@ Recall quantum Fourier transform, for k € {0,...,2" — 1}
. 1 -
£) o g e ia
’G| gGG G
Algorithm: 1L ‘
0 1

A.J. Cornelissen (QuSoft) Q.A. for multivariate mean estimation April 20th, 2022 10/13



Multivariate mean estimation I

QO Let X:Q— {XxeR?: ¥>0,|5||, <1} CRC.

@ Llet G={4 :jec{0,...,2"—1}}7.

Q Let f: G —[0,1], f(g) = g"E[X].

@ We can implement Of with O(1) overhead.

@ Recall quantum Fourier transform, for k € {0,...,2" — 1}

~ 1 -
’k>i—> = Ze2mg k‘g>
V ’ |g€G
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@ Wecanset B={xcR?: x|, <1}.
Core idea: | HgT\?]
g~G

= O(||V||,) for a centered grid.

© We can compute OE[X], for some OTO = 00T = I.
Core idea: Rotate grid by OT.

© We can relax to Tr[Cov(X)] < 1. [QIP talk]
Core idea: Find quantiles and reduce to bounded case.

All improvements retain O(1/¢).
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Thanks for your attention!
arjan@cwi.nl
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