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Univariate Monte Carlo estimation

Let Ω a finite set, (Ω, 2Ω,P) a probability space, and X : Ω→ [0, 1] a random variable.
Example: Suppose we have two dice:

1 Ω = {1, 2, 3, 4, 5, 6}2.

2 X ((i , j)) = (i + j)/12.

Question: How to compute E[X ] up to precision ε?
Classical algorithm:

1 Take samples ω1, . . . , ωN from Ω.

2 Compute 1
N

∑N
j=1 X (ωj).

This estimates E[X ] up to ∼ 1/
√
N.

To obtain precision ε, we need N = O(1/ε2).
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Quantum univariate Monte Carlo estimation

Question: How to compute E[X ] up to precision ε?

Quantum algorithm: Let {|ω〉 : ω ∈ Ω} be an orthonormal set of states.

U : |0〉 |0〉 7→
∑
ω∈Ω

√
P(ω) |ω〉 |0〉 7→

∑
ω∈Ω

√
P(ω) |ω〉

(√
X (ω) |1〉+

√
1− X (ω) |0〉

)
=
∑
ω∈Ω

√
P(ω)X (ω) |ω〉 |1〉+

∑
ω∈Ω

√
P(ω)(1− X (ω)) |ω〉 |0〉

=

√∑
ω∈Ω

P(ω)X (ω)

(∑
ω∈Ω

√
P(ω)X (ω)√∑

ω∈Ω P(ω)X (ω)
|ω〉

)
︸ ︷︷ ︸

|ψ1〉

|1〉+ (· · · ) |0〉

=
√

E[X ] |ψ1〉 |1〉+
√

1− E[X ] |ψ0〉 |0〉 .

Amplitude estimation computes E[X ]± ε with O(1/ε) calls to U.
Quadratic speed-up!
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Multivariate Monte Carlo estimation

Let Ω a finite set, (Ω, 2Ω,P) a probability space, and X : Ω→ [0, 1]d a random variable.
Question: How to compute E[X ] up to `∞-error ε?

Classical algorithm:
1 Run the classical algorithm with N samples.

1 Take samples ω1, . . . , ωN from Ω.
2 Compute 1

N

∑N
j=1 X (ωj) ∈ [0, 1]d .

2 Median trick: Repeat O(log(d)) times and take the coordinate-wise median.

This computes E[X ], with `∞-error 1/
√
N ⇒ N = O(1/ε2).

Total number of samples: O(log(d)/ε2).
Can we get a similar quadratic quantum speed-up here?
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Overview

Goal:

Classically Quantumly

Univariate X : Ω→ [0, 1] O( 1
ε2 ) O( 1

ε )

Multivariate X : Ω→ [0, 1]d Õ( 1
ε2 ) Õ( 1

ε )??

Difficulty is that
U : |0〉 |0〉 7→

√
E[X ] |ψ1〉 |1〉+

√
1− E[X ] |ψ0〉 |0〉

has no clear multidimensional generalization.
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ε2 ) Õ( 1
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Quantum analog computation

Let D a finite set, f : D → [0, 1], and x ∈ D.

1 Binary oracle: Bf ,ε : |x〉 |0〉 7→ |x〉
∣∣∣f̃ (x)

〉
, where |f (x)− f̃ (x)| < ε.

2 Probability oracle: Uf : |x〉 |0〉 |0〉 7→ |x〉
(√

f (x) |ψ1〉 |1〉+
√

1− f (x) |ψ0〉 |0〉
)

.

3 Phase oracle: Of : |x〉 7→ e if (x) |x〉.
Oracle conversion graph:

Bf ,ε

Of Uf

Phase estimation : O( 1
ε ) O( 1

ε ) : Amplitude estimation

Õ(1)

[GAW18]
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Modification of the quantum univariate Monte Carlo estimation algorithm

Let X : Ω→ [0, 1].

Let G = { j
2n

: j ∈ {0, . . . , 2n − 1}}, and f : G → [0, 1], defined by f (a) = aE[X ].

Uf : |a〉 |0〉 |0〉 7→ |a〉
∑
ω∈Ω

√
P(ω) |ω〉

(√
aX (ω) |1〉+

√
1− aX (ω) |0〉

)
= |a〉

(√
aE[X ] |ψ1〉 |1〉+

√
1− aE[X ] |ψ0〉 |0〉

)
.

This can be converted into Of : |a〉 7→ e iaE[X ] |a〉 with Õ(1) calls to Uf .

1√
|G |

∑
a∈G

|a〉
ON
f7−→

1
√
G

∑
a∈G

e iaE[X ]N |a〉

QFT
†
G 

∣∣∣∣round(E[X ]N

2π

)〉
.

We can choose N = O(1/ε) ⇒ Õ(1/ε) calls to Uf .
Tiny tweak of amplitude estimation.

X

0 1

G

0 1

For k ∈ {0, . . . , 2n − 1},

QFTG : |k〉 7→
1
√
G

∑
a∈G

e2πiak |a〉 .
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Quantum multivariate Monte Carlo estimation

Let X : Ω→ {~x ∈ Rd : ‖~x‖1 ≤ 1 ∧ ~x ≥ 0}.

Let G = { j
2n

: j ∈ {0, . . . , 2n − 1}}d , and f : G → [0, 1], defined by f (~a) = ~aTE[X ].

Uf : |~a〉 |0〉 |0〉 7→ |~a〉
∑
ω∈Ω

√
P(ω) |ω〉

(√
~aTX (ω) |1〉+

√
1− ~aTX (ω) |0〉

)

= |~a〉
(√

~aTE[X ] |ψ1〉 |1〉+
√

1− ~aTE[X ] |ψ0〉 |0〉
)
.

This can be converted into Of : |~a〉 7→ e i~a
TE[X ] |~a〉 with Õ(1) calls to Uf , and

1√
|G |

∑
~a∈G

|~a〉
ON
f7−→

1
√
G

∑
~a∈G

e i~a
TE[X ]N |~a〉

QFT
†
G 

∣∣∣∣round(E[X ]N

2π

)〉
.

We can choose N = O(1/ε) ⇒ Õ(1/ε) calls to Uf .
+ Same quadratic speed-up in the multidimensional case!
– Weird assumption on X required.

X

0 1

1

G

0 1

1

For ~k ∈ {0, . . . , 2n − 1}d ,

QFTG :
∣∣∣~k〉 7→ 1

√
G

∑
~a∈G

e2πi~aT~k |~a〉 .
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∑
ω∈Ω

√
P(ω) |ω〉

(√
~aTX (ω) |1〉+

√
1− ~aTX (ω) |0〉

)

= |~a〉
(√

~aTE[X ] |ψ1〉 |1〉+
√

1− ~aTE[X ] |ψ0〉 |0〉
)
.

This can be converted into Of : |~a〉 7→ e i~a
TE[X ] |~a〉 with Õ(1) calls to Uf , and

1√
|G |

∑
~a∈G

|~a〉
ON
f7−→

1
√
G

∑
~a∈G

e i~a
TE[X ]N |~a〉

QFT
†
G 

∣∣∣∣round(E[X ]N

2π

)〉
.

We can choose N = O(1/ε) ⇒ Õ(1/ε) calls to Uf .
+ Same quadratic speed-up in the multidimensional case!
– Weird assumption on X required.

X

0 1

1

G

0 1

1

For ~k ∈ {0, . . . , 2n − 1}d ,

QFTG :
∣∣∣~k〉 7→ 1

√
G

∑
~a∈G

e2πi~aT~k |~a〉 .
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Improvements

Improvements on the algorithm: [CJ21]

1 By modifying the construction, we can relax that X ≥ 0.

2 By moving the grid to be centered around the origin and observing that

E
~a∼G

[∣∣∣~aT~v ∣∣∣] = O(‖~v‖2),

we can relax the `1-bound on X to be an `2-bound.

3 By rotating the grid, we can compute OE[X ], for some OTO = OOT = I .

Future directions:

1 What if X : Ω→ Rd , and all Xj ’s have bounded variance?
Very recent paper by Hamoudi solves the univariate case. [Ham21]

2 Other `p estimates & lower bounds?

3 Unbiased estimators?
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Thanks for your attention!
arjan@cwi.nl
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