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Quantum state tomography (1/2) – pure states

“Quantum state tomography is learning a classical description of a quantum state”

|ψ⟩ =
∑d

j=1 αj |j⟩ ∈ Cd *Tildes hide polylogarithmic factors in d , 1/ε.
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Quantum state tomography (2/2) – mixed states

ρ =
∑r

j=1 pj |ψj⟩⟨ψj | ∈ Cd×d

*Tildes hide polylogarithmic factors in d , r , 1/ε.

Approximation (Schatten norms)
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Techniques (1/3) – learning observables

O1, . . . ,OM observables, with ∥Oj∥ ≤ 1

*Tildes hide polylogarithmic factors in M, 1/ε.

Model Output Complexity

|ψ⟩ [⟨ψ|Oj |ψ⟩]Mj=1

O
(

log(M)
ε2

)
If the observables commute
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2 = dId

∥ρ̃− ρ∥max ≤ ε costs

Õ(
√
d
ε ) queries.
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Õ

(√∑M
j=1∥Oj∥2

ε

)
[HWC+22]

Õ
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Õ

(√∑M
j=1∥Oj∥2

ε

)
[HWC+22]

Õ
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Õ

(√
∥∑M

j=1 O
2
j ∥

ε

)
f (x) = xT [⟨ψ|Oj |ψ⟩]Mj=1

Compute ∇xf

Density matrix: Observables:

Norm bound: Result:

ρ =


i

j

ρij

 O+
ij = |i⟩⟨j|+|j⟩⟨i|

2

O−
ij = |i⟩⟨j|−|j⟩⟨i|

2i

⟨ψ|O+
ij |ψ⟩ = Re[ρij ]

⟨ψ|O−
ij |ψ⟩ = Im[ρij ]

∑d
i≤j
i,j=1

(O+
ij )

2

+
∑d

i<j
i,j=1

(O−
ij )

2 = dId

∥ρ̃− ρ∥max ≤ ε costs

Õ(
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Õ

(√
∥∑M

j=1 O
2
j ∥

ε

)
f (x) = xT [⟨ψ|Oj |ψ⟩]Mj=1

Compute ∇xf

Density matrix: Observables: Norm bound:

Result:

ρ =


i

j

ρij

 O+
ij = |i⟩⟨j|+|j⟩⟨i|

2

O−
ij = |i⟩⟨j|−|j⟩⟨i|

2i

⟨ψ|O+
ij |ψ⟩ = Re[ρij ]

⟨ψ|O−
ij |ψ⟩ = Im[ρij ]

∑d
i≤j
i,j=1

(O+
ij )

2

+
∑d

i<j
i,j=1

(O−
ij )

2 = dId

∥ρ̃− ρ∥max ≤ ε costs

Õ(
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Techniques (2/3) – unbiased phase estimation

Phase estimation:

Given a copy of |ψ⟩, and U s.t.
U |ψ⟩ = e2πiφ |ψ⟩,
determine φ.

Standard approach: finite outcome set.

Symmetrization [LdW21]:

Let θ ∈ [0, 1) unif. at random.
Run PE with e2πiθU.
Correct for choice of θ.

Boosting techniques directly on the circle.

Exponentially small bias.

Result:

∥ρ̃− ρ∥max ≤ ε
[RV10]⇒ ∥ρ̃− ρ∥∞ ≤

√
dε

Re

Im

2πφ

φ
0
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Techniques (3/3) – norm conversion

Setting:

Two bounds:

∥ρ̃− ρ∥∞ ≤ ε.
∥ρ̃− ρ∥1 ≤ ∥ρ̃∥1 + ∥ρ∥1 = 2.

Let σ(ρ̃− ρ) = {λj}2rj=1,
then ∥ρ̃− ρ∥q = ∥λ∥q.

Result: ∥ρ̃− ρ∥q ≲ min
{
ε
1− 1

q , r
1
q ε
}
.

Source of all regimes.

Also relevant for lower bound proofs.

Low-precision regime High-precision regime
(ε big) (ε small)

ε 2 ε 2

∥λ∥2 ≤
√
2ε ∥λ∥2 ≤

√
2r · ε
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Quantum state tomography – mixed states – algorithm analysis

|0⟩A
|0⟩B

|ψ⟩ABU
|0⟩A
|0⟩B

|ψ⟩ABU† Want to learn: ρ = TrB [|ψ⟩⟨ψ|]

⇓ Learning observables Õ(
√
d

ε′ ) queries

∥ρ̃− ρ∥max ≤ ε′

⇓ Unbiased phase estimation

∥ρ̃− ρ∥∞ ≲
√
dε′

⇓ Norm conversion

∥ρ̃− ρ∥q ≲ min{(
√
dε′)1−

1
q , r

1
q
√
dε′}︸ ︷︷ ︸

=:ε

⇓

ε′ = Θ

(
min

{
ε

1
1− 1

q√
d
, ε

r
1
q
√
d

})

⇒ Õ

(
min

{
d

ε

1

1− 1
q

, dr
1
q

ε

})
queries.
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Summary

Results: Tight complexities

Pure-state case: sampling + unitary
Mixed-state case: unitary

Techniques:

Learning observables
Unbiased phase estimation
Norm conversion

Other paper contents:

Algorithms for the pure-state case
Time complexities
Lower bounding techniques

Open problems:

Sampling complexities in other Schatten
norms.

No-inverse model:

|0⟩ |ψ⟩U |ψ⟩ |0⟩U†

Thanks for your attention!
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