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State-conversion problems

State-conversion problem: [LMR+11]
P = {(|σx⟩ , |τx⟩ ,Ox)}x∈D:

1 Input states: |σx⟩ ∈ VI .

2 Output states: |τx⟩ ∈ VO .

3 Oracle: Ox ∈ L(H) unitary.

Goal: ∀x ∈ D, |σx⟩
A(Ox )
⇝ |τx⟩.

Adversary bound: ADV(P) :=

min max
x∈D

∥|wx⟩∥2 ,

s.t. ⟨wx | (IH⊗W − (O†
xOy )⊗ IW) |wy ⟩

= ⟨σx |σy ⟩ − ⟨τx |τy ⟩ ,∀x , y ∈ D,
|wx⟩ ∈ H ⊗W,∀x ∈ D,
W Hilbert space.

Result: [BJY24] we can build A with

∥A(Ox) |σx⟩ − |τx⟩∥2 ∈ O(ADV(P)
K ),

with K queries to Ox .

Special cases:
1 Database update:

1 |σx⟩ , |τx⟩ comp. basis states.

2 Function evaluation: f : D → Σ
1 |σx⟩ = |⊥⟩, ∀x ∈ D.
2 |τx⟩ = |f (x)⟩, ∀x ∈ D.
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State-reflection problems

State-reflection problem:
R = {(|σ+

x ⟩ , |σ−
x ⟩ ,Ox)}x∈D.

1 Reflection states: |σ±
x ⟩ ∈ V.

Orthogonality: ⟨σ+
x |σ−

x ⟩ = 0.

2 Oracle: Ox ∈ L(H).

Involution: O2
x = I .

Goal: |σ±
x ⟩

A(Ox )
⇝ ± |σ±

x ⟩.
Adversary bound: ADV(R) :=

min max{max
x∈D

∥|w+
x ⟩∥2 ,max

x∈D
∥|w−

x ⟩∥2},
s.t.

〈
σ+
x

∣∣σ−
y

〉
=

〈
w+
x

∣∣w−
y

〉
,∀x , y ∈ D,

(Ox ⊗ IW) |w±
x ⟩ = ± |w±

x ⟩ ,∀x ∈ D,
|w±

x ⟩ ∈ H ⊗W,∀x ∈ D,
W Hilbert space.

Theorem:

1 P = {(|σx⟩ , |τx⟩ ,Ox)}x∈D
state-conversion problem.

2 Define R = {(|σ+
x ⟩ , |σ−

x ⟩ ,O ′
x)}x∈D, with

1 |σ±
x ⟩ =

|σx⟩⊕±|τx⟩√
2

2 O ′
x = (X ⊗ IH)(Ox ⊕ O†

x )

3 Then: R ⇔ P (identical feasible regions).

Properties:

1 Positive/negative witness: |w±
x ⟩.

2 Rescaling with constant factors.

3 Only depends on inner products between
pairs of |σ+

x ⟩ and
∣∣σ−

y

〉
.
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Generalized graph composition (I/II)

State-reflection problem: R = {(|σ+
x ⟩ , |σ−

x ⟩ ,Ox)}x∈D.

Core idea: electric network interpretation:

1 V : vertices adjacent to a hyperedge.

2 Ux := |σ+
x ⟩ ∈ CV : potential function.

3 δx := |σ−
x ⟩ ∈ CV : net-flow.

Examples:

1 Function evaluation: f : D → Σ:
1 Ux = |⊥⟩+ |f (x)⟩.
2 δx = |⊥⟩ − |f (x)⟩.
3 V = {⊥} ∪ Σ.

2 Database update: ΣI → ΣO ,
σx 7→ τx :

1 Ux = |σx⟩+ |τx⟩.
2 δx = |σx⟩ − |τx⟩.
3 V = ΣI ∪ ΣO .

R

⊥

v1 v2 v3Σ =

1

1

1

1 0 0

R

u1 u2 u3ΣI =

v1 v2 v3ΣO =

1

1

0 0

1

1 0 0

Function evaluation Database update

Rs t1 0

On/off switch

3 On/off switch: f : D → {0, 1},
1 Ux = 1f (x)=0 |s⟩.
2 δx = 1f (x)=1(|s⟩ − |t⟩).
3 V = {s, t}.

Theorem: Span program ⇔ On/off switch.
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Generalized graph composition (II/II)

Core idea:

1 Hypergraph: G = (V ,E ).

2 V = B ⊔ I boundary and internal.
3 ∀e ∈ E , Re state-reflection problem:

1 such that net-flow vanishes on I .
2 such that potential function is unique at

every vertex.

4 Defines Ux and δx on boundary vertices.
⇒ R = {(Ux , δx ,Ox)}x∈D.

Theorem: |w±
x ⟩ =

⊕
e∈E

|(w e)±x ⟩ is a feas. sln.

u1 u2 u3 u4

R1 R2

v1 v2 v3 v4

R

w R ′ t

B =

I =

Proof:
〈
σ+
x

∣∣σ−
y

〉
= UT

x δy =
∑

v∈V (U
e
x )v

∑
e∈N(v)(δ

e
x )v =

∑
e∈E

∑
v∈N(e)(U

e
x )v (δ

e
x )v

=
∑

e∈E (U
e
x )

T δex =
∑

e∈E
〈
(w e

x )
+
∣∣(w e

y )
−〉 =

〈
w+
x

∣∣w−
y

〉
. □
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Example: finding first marked index

1 Problem statement:
1 D = {0, 1}n \ {0n}.
2 f : D → [n],
3 f (x) = min{j ∈ [n] : xj = 1}.

2 Folklore: O(
√
f (x)) queries suffice.

3 Canonical on/off edge: s t
αxj

:

1 ∥|w+
x ⟩∥2 =

{
α, if xj = 1,

0, if xj = 0.
, ∥|w−

x ⟩∥2 =

{
0, if xj = 1,
1
α , if xj = 0.

4 Analysis:

1 ∥|w+
x ⟩∥2 =

∑
e∈E ∥|(w e)+x ⟩∥

2
=

f (x)−1∑
j=1

1√
j
+
√
f (x) ∈ O(

√
f (x)).

2 ∥|w−
x ⟩∥2 =

∑
e∈E ∥|(w e)−x ⟩∥

2
=

f (x)−1∑
j=1

1√
j
+
√
f (x) ∈ O(

√
f (x)).

s 1

2

3

4

x1

¬x
1

√
2x2

1 √
2
[¬
x 2
]

√
3x3

1 √
3
[¬
x 3
]

√
4x4

1

1

1

1

1

0

0

0

1

0

x = 00101...
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Example: finding first marked index
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Application: Random walk search

Walk search problem:

1 G = (V ,E ): undirected graph.

2 r : E → R>0: resistance function.

3 Finite set D: domain.

4 ∀x ∈ D, Mx ⊆ V : marked set.

Goal:

1 Detection: Output whether Mx ̸= ∅.

2 Finding: Output any v ∈ Mx , with Mx ̸= ∅.

Subroutines: ∀x ∈ D, v ∈ V , Dv ,x ∈ S (data).

1 Setup: v 7→ Dv ,x with S queries.

2 Update: (vw ,Dv ,x) 7→ Dw ,x , with U queries.

3 Checking: (v ,Dv ,x) 7→ [v ∈ Mx ], with C queries.

a

b

c

d

e

f

g

rab

rbc

rac rcd

rde
reg

rfg
rdf

rbe

Mx = {a, e}

Motivating example:
Element distinctness [Amb07]
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Random walk dynamics

Canonical randomized algorithm:

1 Sample v ∼ σ ∈ ∆V .

2 Compute Dv ,x . (cost S)
3 Repeat Nt times:

1 If v ∈ Mx , output yes. (cost C)
2 Repeat t times: (fast-forwarding)

1 Sample w ∼ Pv·, where Pvw ∝ 1
rvw

.
2 Compute Dw,x . (cost U)
3 Set v to w .

Cost: O(S + Nt · (tU + C)).

1 Detection: Nt ∈ Θ( max
x∈D
Mx ̸=∅

HT(Pt ;σ → Mx)).

2 Finding: Nt ∈ Θ(max
x∈D

HT(Pt ;σ → Mx)).

a

b

c

d

e

f

g

rab

rbc

rac rcd

rde
reg

rfg
rdf

rbe

Mx = {a, e}
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Effective resistance

Definition:

1 η : V → R net-flow:
∑

v∈V ηv = 0.
Reff(P; η) = min

δ(f )=η

∑
e∈E f 2e re .

2 σ ∈ ∆V : Reff(P;σ ↔ M) = min
ν∈∆M

Reff(P;σ − ν).

Relationships:

1 HT(P;π → Mx) = Reff(P;π ↔ Mx).

2 HT(P; s → t) +HT(P; t → s) = Reff(P; s ↔ t).

Quantum algorithm: Õ(S +
√
1 + Rt · (

√
tU + C)). [AGJ21]

1 Detection: Rt ∈ Θ( max
x∈D
Mx ̸=∅

Reff(P
t ;σ ↔ Mx)).

2 Finding: Rt ∈ Θ(max
x∈D

Reff(P
t ;σ ↔ Mx)).

a

b

c

d

e

f

g

rab

rbc

rac rcd

rde
reg

rfg
rdf

rbe

ηa

ηb

ηc

ηe

ηe

ηf

ηg

Wlog:
∑
e∈E

1
re
= 1

2 .
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Quantum walk search – detection (similar to [Jef22])

Subroutines:

1 Sv : compute Dv ,x with cost S.
(function evaluation)

2 Uvw : update Dv ,x 7→ Dw ,x with cost U.
(database update)

3 Cv ,D : if D = Dv ,x , compute v ∈ Mx with
cost C. (on/off switch)

Hypergraph:

1 V = {(v ,D) : v ∈ V ,D ∈ S} ∪ {s, t}.
Parameters:

1 σ, τ ∈ ∆V .

2 µx ∈ ∆V , νx ∈ ∆Mx .

s

1
σv
Sv

v ,D1

v ,D2

v ,D3

1
σw

Sw

w ,D1

w ,D2

w ,D3

rvwUvw

t

1
τ
v C

v ,D
1

1
τ
v C

v ,D
2

1τ
v C
v ,D

3

1
τw
C w

,D
1

1
τw
C w

,D
2

1
τw
C w

,D
3

⇒ O( max
x∈D
Mx ̸=∅

√ ∑
v∈V

(µx )2v
σv

S +
√

Reff(P;µx − νx)U +
√ ∑

v∈Mx

(νx )2v
τv

C) queries.
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Quantum walk search – detection analysis

O( max
x∈D
Mx ̸=∅

√ ∑
v∈V

(µx )2v
σv

S +
√
Reff(P;µx − νx)U +

√ ∑
v∈Mx

(νx )2v
τv

C) queries.

Plug in:

1 µx = σ.

2 τ = (σ + π)/2.

Lemmas:

1 Reff(P; η) ≤ t · Reff(P
t ; η).

2
∑

v∈V
(νx )2v
τv

≤ 2(1 + Reff(P
t ;σ − ν)).

Proof of first lemma:

1 D = diag(π) ⇒ L = D(I − P).

2 η̃ = D−1/2η, P̃ = D1/2PD−1/2.

3 Observe that 1
1−x ≤ t · 1

1−x t (x ∈ (−1, 1)).

⇒ Reff(P; η) = ηTL+η = η̃T (I − P̃)+η̃
≤ t · η̃T (I − P̃t)η̃ = t · Reff(P

t ; η). □

⇒ O(S +
√
tRU +

√
1 + RC), where R ∈ O( max

x∈D
Mx ̸=∅

Reff(P
t ;σ ↔ Mx)) queries.

Note: Does not use fast forwarding in the algorithm – merely in the analysis.
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Summary & future research

Summary:

1 State-reflection problems

2 Generalized graph composition

3 Quantum walk search construction

4 Improved analysis

Additional thoughts:

1 Amortization [CLM20; Jef22]

Future directions:

1 Generalize quantum walk search to the
finding setting.

2 Figure out quantum minimum finding.

3 Estimation problems?
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