A sublinear time quantum algorithm for approximating partition
functions
arXiv:2207.08643

Arjan Cornelissen!, Yassine Hamoudi?

1QuSoft, University of Amsterdam, the Netherlands
2Simon'’s Institute, UC Berkeley, USA

January 22nd, 2023

DuSoft 7 s
e "1 fIngcSTh’—cl—n‘vg IHI‘E

Research Center for Quantum Software
Sub-linear algo. approximating partition functions January 22nd, 2023

A.J. Cornelissen (QuSoft)


https://arxiv.org/abs/2207.08643

Counting independent sets

A.J. Cornelissen (QuSoft)

Sub-linear algo. approximating partition functions

January 22nd, 2023



Counting independent sets

G=(V,E)

A.J. Cornelissen (QuSoft)

Sub-linear algo. approximating partition functions

January 22nd, 2023



Counting independent sets

G=(V,E)

o Independent set: S C V : E(S) = @.

A.J. Cornelissen (QuSoft)

Sub-linear algo. approximating partition functions

January 22nd, 2023



Counting independent sets

G=(V,E)

o Independent set: S C V : E(S) = @.

@ Problem: count no. independent sets, k.

A.J. Cornelissen (QuSoft)

Sub-linear algo. approximating partition functions

January 22nd, 2023



Counting independent sets

G=(V,E) 2 2
o Independent set: S C V : E(S) = @.
@ Problem: count no. independent sets, k. O e

ayEsuEys!
Sy

A.J. Cornelissen (QuSoft) Sub-linear algo. approximating partition functions January 22nd, 2023 2/9



Counting independent sets

G=(V,E)

o Independent set: S C V : E(S) = @.

@ Problem: count no. independent sets, k.

@ #P-hard in many regimes:
e Bipartite graphs [PB83].

o 3-regular graphs [DGO0O].
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Counting independent sets

G=(V,E) 2 2
o Independent set: S C V : E(S) = @.
@ Problem: count no. independent sets, k. O e
@ #P-hard in many regimes:
e Bipartite graphs [PB83].
o 3-regular graphs [DGO0O]. i i i i i i i i
o ...

e Approximate version: find k such that
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@ #P-hard in many regimes:
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o ...

e Approximate version: find k such that

(1—e)k <k <(1+4¢)k.
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Counting independent sets

G=(V,E) 2 2
o Independent set: S C V : E(S) = @.
@ Problem: count no. independent sets, k. O e
@ #P-hard in many regimes:
e Bipartite graphs [PB83].
o 3-regular graphs [DGO0O]. i i i i i i i i
o ...

e Approximate version: find k such that

(1—e)k <k <(1+4¢)k.
e Can be done efficiently! (FPRAS)

@ Through partition function estimation.

A.J. Cornelissen (QuSoft) Sub-linear algo. approximating partition functions January 22nd, 2023 2/9



Partition functions

A.J. Cornelissen (QuSoft)

Example: counting independent sets

Sub-linear algo. approximating partition functions January 22nd, 2023

3/9



Partition functions

@ State space: Q.

A.J. Cornelissen (QuSoft)

Example: counting independent sets

e Q: all independent sets.

Sub-linear algo. approximating partition functions January 22nd, 2023

3/9



Partition functions

@ State space: Q.
@ Hamiltonian: H : Q — Z>o.
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Partition functions

State space: Q.

Hamiltonian: H : Q — Z>o.

Z(8) = Z e BH(W)

weN

Partition function: Z : R>g = R,

Example: counting independent sets

e Q: all independent sets.
o H(w) = |wl.
e Z(0) =1Q].
e Z(c0)=1.

@ Problem: Approximate Z(o0)/Z(0).
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Partition functions

State space: Q.
Hamiltonian: H : Q — Z>o.

Partition function: Z : R>g = R,

Z(8) = Z e BH(W)

weN

Example: counting independent sets

e Q: all independent sets.
o H(w) = |wl.
e Z(0) =1Q].
e Z(c0)=1.

Problem: Approximate Z(o0)/Z(0).

Originates in statistical physics.

Applications:

e Counting independent sets.

o Counting k-colorings.
e Counting matchings.

e Computing the volume of a convex body.
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Markov Chain Monte Carlo [DF91]

@ Cooling schedule:

0=700<pB1,...,8-1 < B¢ = 0.
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Markov Chain Monte Carlo [DF91]

@ Cooling schedule:
0=72500 <P, Be-1 < B = 0.
@ Telescoping product:

Bo 5152 Bz " Be-1
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Z(0) Z(Be-1)  Z(Be-2) Z(Bo)"
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Markov Chain Monte Carlo [DF91]

Cooling schedule:
0=700<pB1,...,8-1 < B¢ = 0.

@ Telescoping product:
Z(0) _ Z(Be) . Z(Be-1) .. .. Z(B1)
Z(0) Z(Be-1)  Z(Be-2) Z(Bo)"
o Rewriting:
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@ Gibbs distribution: .
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Markov Chain Monte Carlo [DF91]

Cooling schedule:

Left to do:

0=700<pB1,...,8-1 < B¢ = 0.

Telescoping product:
Z(oo) _ _Z(Be) . Z(Be-1)
Z(0) = Z(Be-1) Z(Be-2)

o Rewriting:
Z(Brs1) e BrH(w)
Z(B) L Z(B)
mi(w)
= w,ﬂ]?:ﬂ—k [Xk]

@ Gibbs distribution: .
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Markov Chain Monte Carlo [DF91]

Left to do:

e Choose fi’s s.t. \]ga[ggﬁé] = 0O(1).

Cooling schedule:
0=700<pB1,...,8-1 < B¢ = 0.

@ Telescoping product:
Z(0) _ Z(Be) . Z(Be-1) .. .. Z(B1)
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o Rewriting:
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@ Gibbs distribution: .
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Markov Chain Monte Carlo [DF91]

Left to do:
. e Choose fi’s s.t. \]ga[ggﬁé] = 0O(1).
o Cooling schedule: o Always possible with
0=7050<pbr,...,B-1 < Be = oo ¢ = 0(/1og |Q]) [5VV09].
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Markov Chain Monte Carlo [DF91]

Left to do:
. @ Choose fk's s.t. \]ga[ggﬁé] =0(1).
o Cooling schedule: o Always possible with
0=7050<pbr,...,B-1 < Be = oo ¢ = 0(/1og |Q]) [5VV09].
@ Telescoping product: o Construct Markov processes, with
Z(o0) . Z(By)  Z(Be-1) .. ... Z(61) . o
7200 = ZGe1)  Z(Be ) Z(30)" ° St.at.lonary distribution 7.
. e Mixing time 7, < MT.
o Rewriting:
2(Bis1) _ 5~ € MY (i s0H)
(B ~ 2 200 S
7k (w)
= E [X«]
WA

@ Gibbs distribution: .
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Markov Chain Monte Carlo [DF91]

@ Cooling schedule:

0=7050<pbr,...,B-1 < Be = oo
@ Telescoping product:
Z(0) _ Z(Be) . Z(Be-1) .. .. Z(B1)
Z(0) Z(Be-1)  Z(Be-2) Z(Bo)"
o Rewriting:
Z(Binr) _ 5~ e MY e soH)
B S Z(Bk) )
7k (w)
= w,ﬂ]j:ﬂ—k [Xk]

@ Gibbs distribution: .
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Left to do:

e Choose fi’s s.t. \]ga[ggﬁé] = 0O(1).

o Always possible with
= 0O(/log|€]) [SVV09].
o Construct Markov processes, with
e Stationary distribution 7.
e Mixing time 7, < MT.

Steps required: O(¢ - E% - MT).
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Results

Long line of work:

[DF91;BSVV08]
[SVV09; Hub15; Kol18]

O(eefl log” | MT)
O logIQ\ MT)

[WCNAO9]
[Mon15]
[HW20; AHN+22]
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Results

Long line of work:

[DFO1;:BSVVO08] | O(E/2 . MT)
[SVV09; Hub15; Kol18] O('°g'9‘ MT)
[WCNAO9] | O(*E12L. /NIT)
[Mon15] | O(log|Q| - (1VMT + MT))
[HW20; AHN+22] (9('°g'9‘ \/W)
This work | O(°£2121 . /NIT)
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This work | O(°£2121 . /NIT)
Applications:
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Results

Long line of work:

[DFO1;:BSVVO08] | O(E/2 . MT)
[SVV09; Hub15; Kol18] O('°g'9‘ MT)
[WCNA09] ('°g 20 /MT)
[Mon15] | O(log |9 - (1VMT + MT))
[HW20; AHN+22] (9('°g'9‘ \/MT)
This work | O(°£2121 . /NIT)
Applications:
Classical Quantum, prev. Quantum, new
~ 2 ~ T5 ~ 125
Independent set ‘2(%) ‘2(%) Q(‘V‘Tm)
Graph colorings (9(%) (9(%2 (’)(%0)5
Graph matchings ~O(%lﬂ)2 ?(IVH%I”) O(%)
Volume convex body | O(d*® + %)  O(d® + £-) O(d®+ <)
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Unbiased, non-destructive mean estimation

New component:

Given ‘I’;[;Efz] =0(1)
@ a random variable X : Q2 — R, with
Ox : [w) [0) = [w) [X(w)), W) = oy 19
with bounded relative variance. 0) — — [ X(w))
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Unbiased, non-destructive mean estimation

New component:

Given \]ga[%g] =0(1)
@ a random variable X : Q2 — R, with
Ox : [w) [0) = [w) [X(w)), W) = oy 192
with bounded relative variance. 0) — — [ X(w))

@ a distribution 7, with a single copy of

7) = 2weq V(W) |w).
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Ox : |w) |0) = |w) [X(w)), “I' o, @ 2 \w| — 1
with bounded relative variance. 0) — x [ X (w)) i

@ a distribution 7, with a single copy of
™) = 2weq V(W) @),

@ a routine that reflects around |).
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Unbiased, non-destructive mean estimation

New component:
Given

@ a random variable X : Q — R, with
Ox : |w) |0) = |w) [X(w)),
with bounded relative variance.
@ a distribution 7, with a single copy of
™) = 2 e V(W) W)
@ a routine that reflects around |).
estimate © = E [X]

wn~T

mean
estimation
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@ a random variable X : Q — R, with ) )
Ox : |w) |0) = |w) [X(w)), YT ox [ 2 — 1
X TN
with bounded relative variance. 10) [ X(w)) i
@ a distribution 7, with a single copy of U
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Unbiased, non-destructive mean estimation

New component:

Given \I/Ea[%g] =0(1)
@ a random variable X : Q — R, with ) )
Ox : |w) |0) = |w) [X(w)), YT ox [ 2 — 1
X TN
with bounded relative variance. 10) [ X(w)) i
@ a distribution 7, with a single copy of U
7) = 2weq V(W) |w).
@ a routine that reflects around |). i) mean
I I
estimate u:= E [X] estimation
@ Unbiasedly. ,JI E[i] = u

@ With low relative variance.
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Unbiased, non-destructive mean estimation

New component:

Given \I/Ea[%g] =0(1)
@ a random variable X : Q — R, with
Ox : [} [0) = fw) [X(w)), )= oy 1)
: . . X
with bounded relative variance. 10) [ X(w))
@ a distribution 7, with a single copy of U
m) = 2 ea V(W) [w).
@ a routine that reflects around |). i) mean )
™= . .
estimate .= E [X] estimation
° UrTbiasedIy. | | ’L‘T‘ E[f]
e With low relative variance. Var[ﬁ;]
e
@ Non-destructively. v
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Unbiasedness

@ Phase estimation:

o Given a copy of |1}, and U s.t.
Uly) = e [4),

determine .
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Unbiasedness

@ Phase estimation:

o Given a copy of |1}, and U s.t.
U |,¢1> — eZTr/cp W}>’
determine .

e Standard approach: finite outcome set. ‘& Re

Im
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Unbiasedness

@ Phase estimation:
e Given a copy of |¢), and U s.t.
Uly) = e [y),
determine .
e Standard approach: finite outcome set.
e Symmetrization [LdW21]:

o Let 6 € [0,1) unif. at random.
o Run PE with e>™"U.
@ Correct for choice of 6.
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@ Phase estimation:
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Ulg) = e [y)),

determine .

e Standard approach: finite outcome set.

U s.t.

Im

e Symmetrization [LdW21]:
o Let 6 €[0,1) unif. at random.

o Run PE with e .
@ Correct for choice of
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Ulg) = e [y)),

determine .
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o Let 6 €[0,1) unif. at random.
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Unbiasedness

@ Phase estimation:

o Given a copy of |¢), and
Ulg) = e [y)),

determine .

e Standard approach: finite outcome set.

U s.t.

e Symmetrization [LdW21]:
o Let 6 €[0,1) unif. at random.

o Run PE with e .
@ Correct for choice of

6.

o Unbiased estimator of €27/,
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Unbiasedness

@ Phase estimation:

o Given a copy of |1}, and U s.t.
Uly) = e [4),

determine .

e Standard approach: finite outcome set.
e Symmetrization [LdW21]:

o Let 6 € [0,1) unif. at random.
o Run PE with e>™"U.
@ Correct for choice of 6.

o Unbiased estimator of €27/,

@ Gives unbiased estimator for
p = sin?(mp) = 3(1 — Re[e?™¥]).
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Unbiasedness

@ Phase estimation:

o Given a copy of |1}, and U s.t.
Uly) = e [4),

determine .

e Standard approach: finite outcome set.
e Symmetrization [LdW21]:

o Let 6 € [0,1) unif. at random.
o Run PE with e>™"U.
@ Correct for choice of 6.

o Unbiased estimator of e>™/#.
@ Gives unbiased estimator for
p = sin(mp) = %(1 — Re[e?™%)).
@ Plug into mean estimation routines
[Mon15].
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Non-destructiveness

e We start in state |m).
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Non-destructiveness

e We start in state |m).

@ Subroutine A applies random rotation U
in 2D-subspace Span{|r), |7TL>}.
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Non-destructiveness

e We start in state |m).

@ Subroutine A applies random rotation U
in 2D-subspace Span{|r), |7TL>}.

e State reconstruction [MWO5]:

e Run subroutine A.
o Measure in {|7)7|,
o Repeat until |7).

7t X7t} basis.
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Non-destructiveness

e We start in state |m).

@ Subroutine A applies random rotation U
in 2D-subspace Span{|r), |7TL>}.

e State reconstruction [MWO5]:

e Run subroutine A.
o Measure in {|7)7|,
o Repeat until |7).

7t X7t} basis.

@ Expected no. iterations: 2.
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Non-destructiveness

We start in state |7).

Subroutine A applies random rotation U
in 2D-subspace Span{|r), |7TL>}.

e State reconstruction [MWO5]:

e Run subroutine A.
o Measure in {|7)7|,
o Repeat until |7).

7t X7t} basis.

Expected no. iterations: 2.

Improved analysis over [HW20].
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@ Partition functions.
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Summary

@ Partition functions.

@ Markov Chain Monte Carlo.
@ Results:

° O (z- % ~MT>.
O 121 /NIT).
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Summary

Partition functions.

Results:

.o(z- fMT)
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