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Counting independent sets

G = (V ,E )

Independent set: S ⊆ V : E (S) = ∅.

Problem: count no. independent sets, k .

#P-hard in many regimes:

Bipartite graphs [PB83].
3-regular graphs [DG00].
. . .

Approximate version: find k̃ such that
(1− ε)k ≤ k̃ ≤ (1 + ε)k.

Can be done efficiently! (FPRAS)

Through partition function estimation.

G
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Partition functions

State space: Ω.

Hamiltonian: H : Ω → Z≥0.

Partition function: Z : R≥0 → R,
Z (β) =

∑
ω∈Ω

e−βH(ω).

Problem: Approximate Z (∞)/Z (0).

Originates in statistical physics.

Applications:

Counting independent sets.
Counting k-colorings.
Counting matchings.
Computing the volume of a convex body.

Example: counting independent sets

Ω: all independent sets.

H(ω) = |ω|.
Z (0) = |Ω|.
Z (∞) = 1.

β

Z (∞)

Z (0)
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Markov Chain Monte Carlo [DF91]

Cooling schedule:
0 = β0 < β1, . . . , βℓ−1 < βℓ = ∞.

Telescoping product:
Z(∞)
Z(0) = Z(βℓ)

Z(βℓ−1)
· Z(βℓ−1)
Z(βℓ−2)

· · · · · Z(β1)
Z(β0)

.

Rewriting:
Z (βk+1)

Z (βk)
=

∑
ω∈Ω

e−βkH(ω)

Z (βk)︸ ︷︷ ︸
πk (ω)

· e−(βk+1−βk )H(ω)︸ ︷︷ ︸
Xk (ω)

= E
ω∼πk

[Xk ].

Gibbs distribution: πk .

Left to do:

Choose βk ’s s.t.
Var[Xk ]
E[Xk ]2

= O(1).

Always possible with
ℓ = Õ(

√
log |Ω|) [ŠVV09].

Construct Markov processes, with

Stationary distribution πk .
Mixing time τk ≤ MT.

Steps required: O(ℓ · ℓ
ε2

·MT).

β

Z (∞)

Z (0)

β0 β1β2 β3 · · ·βℓ−1
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Results

Long line of work:

[DF91;BŠVV08] Õ( log
2 |Ω|
ε2 ·MT)

[ŠVV09; Hub15; Kol18] Õ( log |Ω|
ε2 ·MT)

[WCNA09] Õ( log
2 |Ω|
ε ·

√
MT)

[Mon15] Õ(log |Ω| · ( 1ε
√
MT+MT))

[HW20; AHN+22] Õ( log |Ω|
ε ·

√
MT)

This work Õ( log
3/4 |Ω|
ε ·

√
MT)

Applications:
Classical Quantum, prev. Quantum, new

Independent set Õ( |V |2
ε2 ) Õ( |V |1.5

ε ) Õ( |V |1.25
ε )

Graph colorings Õ( |V |2
ε2 ) Õ( |V |1.5

ε ) Õ( |V |1.25
ε )

Graph matchings Õ( |V ||E |
ε2 ) Õ( |V ||E |0.5

ε ) Õ( |V |0.75|E |0.5
ε )

Volume convex body Õ(d3.5 + d2

ε2 ) Õ(d3 + d2.5

ε ) Õ(d3 + d2.25

ε )

Classical cost:
O
(
ℓ · ℓ

ε2
·MT

)
Quantum cost:

Õ
(
ℓ ·

√
ℓ
ε2

·MT
)

(this work)
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ε2 ) Õ(d3 + d2.5
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Unbiased, non-destructive mean estimation

New component:
Given

a random variable X : Ω → R, with
OX : |ω⟩ |0⟩ 7→ |ω⟩ |X (ω)⟩,

with bounded relative variance.

a distribution π, with a single copy of
|π⟩ =

∑
ω∈Ω

√
π(ω) |ω⟩.

a routine that reflects around |π⟩.
estimate µ := E

ω∼π
[X ]

Unbiasedly.

With low relative variance.

Non-destructively.

Var[X ]
E[X ]2

= O(1)

|ω⟩ |ω⟩
|0⟩ |X (ω)⟩OX 2 |π⟩⟨π| − I

⇓

|π⟩

|π⟩

µ̃

mean
estimation

E[µ̃] = µ
Var[µ̃]
E[µ̃]2 ≤ ε2
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Unbiasedness

Phase estimation:

Given a copy of |ψ⟩, and U s.t.
U |ψ⟩ = e2πiφ |ψ⟩,
determine φ.
Standard approach: finite outcome set.
Symmetrization [LdW21]:

Let θ ∈ [0, 1) unif. at random.
Run PE with e2πiθU.
Correct for choice of θ.

Unbiased estimator of e2πiφ.

Gives unbiased estimator for
p = sin2(πφ) = 1

2(1− Re[e2πiφ]).

Plug into mean estimation routines
[Mon15].

Re

Im

2πφ

φ
0
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Non-destructiveness

We start in state |π⟩.
Subroutine A applies random rotation U
in 2D-subspace Span{|π⟩ ,

∣∣π⊥〉}.
State reconstruction [MW05]:

Run subroutine A.
Measure in {|π⟩⟨π| ,

∣∣π⊥〉〈π⊥
∣∣} basis.

Repeat until |π⟩.
Expected no. iterations: 2.

Improved analysis over [HW20].

|π⟩

∣∣π⊥〉
|ψ⟩

|π⟩ |π⟩

∣∣π⊥〉
|π⟩

∣∣π⊥〉

p

1− p 1− p

p

· · ·
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Summary

Partition functions.

Markov Chain Monte Carlo.

Results:

Õ
(
ℓ ·

√
ℓ
ε2 ·MT

)
.

Õ( log
3/4 |Ω|
ε ·

√
MT).

New component: mean estimation

Unbiased.
With low relative variance.
Non-destructive.

Open questions:

Can we bring 3/4 down to 1/2?
Lower bounds?

Thanks for your attention!
arjan@cwi.nl
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