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Volume estimation

1 Input: Bd ⊆ K ⊆ RBd ⊆ Rd convex.

2 Access model: membership oracle
OK : |x⟩ 7→ (−1)x∈K |x⟩, ∀x ∈ Rd .

3 Goal: Output V such that∣∣∣ V
Vol(K) − 1

∣∣∣ < ε.

4 No. queries:

Randomized Quantum

Õ(poly(d)
ε2

) [DFK91]
...

Õ(d
4

ε2
) [LV06] Õ(d3 + d2.5

ε ) [CCH+23]

Õ(d3 + d2.25

ε ) [CH23]

Õ(d4 + d3

ε2
) [CV18]

Õ(d3 + d1.75

ε ) [New!]

Õ(d
3

ε2
) [JLLV21;Kla23]
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Õ(d4 + d3

ε2
) [CV18]
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Õ(poly(d)
ε2

) [DFK91]
...
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Volume estimation algorithm overview [CV18]

1 Partition function:
Z (β) =

∫
K exp(−β ∥x∥2) dx

1 Z (0) = Vol(K ).
2 Z (β∗) independent of K for β∗ ≫ 1.

2 Gibbs distribution: πβ(x) ∝ exp(−β∥x∥2)
Z(β) .

3
Z(0)
Z(β∗) =

∏ℓ
j=1

Z(βj−1)
Z(βj )

=
∏ℓ

j=1 E
x∼πβj

[exp(−(βj−1 − βj) ∥x∥2)]

4 Core idea: Use Monte Carlo estimation.

5 Gibbs sampling: design random walk that
converges to Gibbs distribution.

6 Quantization: “Use quantum walk”

K

0

β

Z (β)

β∗β0 β1 β2 β3 · · ·
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Random walks

1 Random walk:
1 Connected undirected graph G = (V ,E )
2 Weights w : E → R>0.

Total weight
∑

e∈E we = 1/2.
3 Dynamics: Pvw = wvw∑

w′∈V wvw′
.

2 Properties:
1 σ(P) ⊆ [−1, 1]
2 Unique stationary distribution πP = π

with πv =
∑

w ′∈V wvw ′ > 0.
3 Reversible, i.e., πvPvw = wvw = πwPwv .

(detailed balance)

G =

P =

v Pvw

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 4 / 14
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Random walk mixing

1 Goal: sample from π.

G =

2 Algorithm:
1 Sample from initial distribution x0 ∼ p.
2 Sample xj+1 ∼ Pxj ,· for j = 1, . . . , t.

3 Spectral gap: σ(P) = {· · · , 1− γ, 1}.
4 Mixing: χ2(pPt∥π) ≤ (1− γ)2tχ2(p∥π).

5 No. steps: t ∈ Θ(
log(χ

2(p∥π)
ε

)

γ ) ⊆ Õ( 1γ )

⇒ χ2(pPt∥π) ≤ ε.

d2
TV(p, π) :=

(∑
v∈V |pv − πv |

)2
d2
H(p, π) :=

∑
v∈V |√pv −√

πv |2

dKL(p∥π) :=
∑

v∈V pv ln
pv
πv

χ2(p∥π) :=
∑

v∈V
p2v
πv

− 1

(M(p∥π)− 1)2 :=
(
maxv∈V

pv
πv

− 1
)2

d4
TV(p, π)

d2TV(p,π)

π∗

d2TV(p,π)

π2
∗
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∑
v∈V |√pv −√

πv |2

dKL(p∥π) :=
∑

v∈V pv ln
pv
πv

χ2(p∥π) :=
∑

v∈V
p2v
πv

− 1

(M(p∥π)− 1)2 :=
(
maxv∈V

pv
πv

− 1
)2

d4
TV(p, π)

d2TV(p,π)

π∗

d2TV(p,π)

π2
∗
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Amortized random walk [CV18]

1 Random walk: At x ∈ K :
1 Select y ∈ (x + δBd) ∩ K u.a.r.
2 Transition to y with probability

min{1, exp(−β∥y∥
2)

exp(−β∥x∥2)
}.

2 Problem: getting stuck in “corners”

3 Solution: M(pPt∥π) ≤ M(p∥π).
4 Cost: (tth time step):

1 E
v∼pPt

[Ct ] =
∑

v∈V (pP
t)vCv ≤

M(pP t∥π)
∑

v∈V πvCv ≤
M(p∥π) E

v∼π
[Cv ].

2 Total cost: Õ(M(p∥π)
γ E

v∼π
[Cv ]).

5 Obstacle: Quantization?

δ x

K

M(p∥π) = maxv∈V
pv
πv
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γ E

v∼π
[Cv ]).

5 Obstacle: Quantization?

δ x

K

M(p∥π) = maxv∈V
pv
πv

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 6 / 14



Amortized random walk [CV18]

1 Random walk: At x ∈ K :
1 Select y ∈ (x + δBd) ∩ K u.a.r.
2 Transition to y with probability

min{1, exp(−β∥y∥
2)

exp(−β∥x∥2)
}.

2 Problem: getting stuck in “corners”

3 Solution: M(pPt∥π) ≤ M(p∥π).
4 Cost: (tth time step):

1 E
v∼pPt

[Ct ] =
∑

v∈V (pP
t)vCv ≤

M(pP t∥π)
∑

v∈V πvCv ≤
M(p∥π) E

v∼π
[Cv ].

2 Total cost: Õ(M(p∥π)
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Quantum walks

Goal: Reflect through |π⟩ =
∑

v∈V
√
πv |v⟩.

Notation:

1 |∗v ⟩ =
∑

w∈V
√
Pvw |w⟩ ∈ CV .

2 N : |v⟩ |0⟩ 7→ |v⟩ |∗v ⟩ ∈ (CV )⊗2.

3 SWAP : |v ,w⟩ 7→ |w , v⟩ ∈ (CV )⊗2.

Input: canonical transducers:

1 Star-state construction: Cv : |0⟩ 7→ |∗v ⟩
2 Star-state reflection: Uv = 2 |∗v ⟩ ⟨∗v | − I .

Quantum walk operator:

U =

(⊕
v∈V

(2 |∗v ⟩ ⟨∗v | − I )

)
︸ ︷︷ ︸

=:R

SWAP

N |π⟩ U7→ N |π⟩.

N =


Cv1

Cv2
. . .

Cvn



R =


Uv1

Uv2
. . .

Uvn


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Two reflections lemma [ARZ26]

1 Quantum walk operator:
U =

(⊕
v∈V (2 |∗v ⟩ ⟨∗v | − I )

)
SWAP

= (2ΠA − I )(2ΠB − I )
1 A = Span{|v⟩ |∗v ⟩ : v ∈ V } ⊆ (CV )⊗2

2 B = Span{|v ,w⟩+ |w , v⟩ : v ,w ∈ V } ⊆ (CV )⊗2

2 Lemma: U = (2ΠA − I )(2ΠB − I )

1 |ψ⟩ ∈ A ∩ B: |ψ⟩ U
⇝ |ψ⟩ with catalyst 0.

2

∣∣ψ〉 ∈ A ∩ (A ∩ B)⊥:
∣∣ψ〉 U
⇝ −

∣∣ψ〉 with catalyst

|v⟩ = (ΠA⊥ − ΠA⊥ΠB⊥ΠA⊥)+ΠB⊥
∣∣ψ〉.

3 Result:
1 N |π⟩ U

⇝ N |π⟩ with catalyst 0.

2 N |π⟩ U
⇝ N |π⟩, whenever ⟨π|π⟩ = 0.

4 Question: What is this catalyst state?

A

A⊥
B

B⊥

∣∣ψ〉
|v⟩

[
|ψ⟩
0

]
2ΠB−I7→

[
|ψ⟩
0

]
2ΠA−I7→

[
|ψ⟩
0

]
[∣∣ψ〉
|v⟩

]
2ΠB−I7→

[
−
∣∣ψ〉

− |v⟩

]
2ΠA−I7→

[
−
∣∣ψ〉
|v⟩

]
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Electrical networks

1 Properties:
1 Resistance: r : E → R>0, rvw = 1/wvw .

⇒ |∗v ⟩ =
∑

w∈V
1√
πv rvw

|w⟩
2 Flows: |f ⟩ =

∑
vw∈E fvw

√
rvw |vw⟩ ∈ B⊥

⇒ fvw = −fwv .
3 Net-flow: (δf )v =

∑
w fvw .

⇒
∑

v∈V (δf )v = 0.
4 Effective resistance:

Reff(G , r ;π) = minf :δf =π ∥|f ⟩∥
2.

2 Lemma: ΠA |f ⟩ = N
∑

v∈V
(δf )v√
πv

|v⟩.
3 ⟨π|π⟩ = 0 ⇒ |π⟩ =

∑
v∈V

πv√
πv

|v⟩,
where π is a net-flow.

4 Conclusion: N |π⟩ U
⇝ −N |π⟩ with

complexity Reff(G , r ;π)− 1.

A

A⊥
B

B⊥

|f ⟩
∣∣f π〉

N |π⟩

ΠA⊥
∣∣f π〉

A = Span{|v⟩ |∗v ⟩ : v ∈ V }
B = Span{|v ,w⟩+ |w , v⟩ : v ,w ∈ V }

v w
fvw

G =
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Input-invariant reflection transducer

1 Theorem: U acts as
1 N |π⟩ U

⇝ N |π⟩ with complexity 0

2 N |π⟩ U
⇝ −N |π⟩ with complexity

Reff(G , r ;π)− 1.
3 Public space:

A = Span{|v⟩ |∗v ⟩ : v ∈ V }.
4 Private space: A⊥.

2 Problem: depend on the input.

3 Naive solution: N U N †

4

[
|π⟩

N †ΠA⊥
∣∣f π〉

]
7→
[

N |π⟩
ΠA⊥

∣∣f π〉
]
7→

· · · 7→
[

− |π⟩
N †ΠA⊥

∣∣f π〉
]

5 Feeds everything into N .

1 More efficient construction:

N

H

R

H

U

H

R

H

N †

2

[
|π⟩

ΠA⊥
∣∣f π〉

]
7→
[

N |π⟩
ΠA⊥

∣∣f π〉
]

7→
[
N |π⟩+ΠA⊥

∣∣f π〉
0

]
7→

· · · 7→
[

− |π⟩
ΠA⊥

∣∣f π〉
]

3 Benefit: Less weight on N .

4 ⇒ smaller transduction complexity in
sequential composition
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Adversary bound optimization

1 Result: canonical transducer V :
1 |π⟩ V

⇝ |π⟩ with complexity

O

(
E

v∼π

∥∥∥Cv

⇝

|0⟩

∥∥∥2 + E
v∼π

∥∥∥Uv

⇝

|∗v ⟩

∥∥∥2).
2 |π⟩ V

⇝ − |π⟩ with complexity

O(Reff(G , r ;π)− ∥|π⟩∥2

+
∑

v∈V
|πv |2
πv

(∥∥∥Cv

⇝

|0⟩

∥∥∥2 + ∥∥∥Uv

⇝

|∗v ⟩

∥∥∥2)
+
∑

v∈V

∥∥∥Uv

⇝

(⟨v |⊗I )ΠA⊥ |f π⟩

∥∥∥2).
2 Optimization:

1 Convert: transducer → adversary sln
2 Optimize: remove part of the vector
3 Convert: adversary sln → transducer

V

⇝

|π⟩ =


0⊕

v∈V

√
πvCv

⇝
|0⟩⊕

v∈V

√
πvUv

⇝
|∗v ⟩

...



V
⇝

|π⟩ =



ΠA⊥
∣∣f π〉⊕

v∈V

|πv |2
πv

Cv

⇝

|0⟩⊕
v∈V

|πv |2
πv

Uv

⇝

|∗v ⟩

...


Open question: time-efficiency?
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Other components: amplitude amplification & annealing

Theorem: (amplitude amplification)

1 Let |ψ⟩ = |ψ0⟩ |0⟩+ |ψ1⟩ |1⟩.
2 Let

∣∣ψ〉 = ∥|ψ1⟩∥
∥|ψ0⟩∥ |ψ0⟩ |0⟩ − ∥|ψ0⟩∥

∥|ψ1⟩∥ |ψ1⟩ |1⟩
3 Suppose U is a transducer:

1 |ψ⟩ U
⇝ |ψ⟩ with complexity C .

2

∣∣ψ〉 U
⇝ −

∣∣ψ〉 with complexity C .

4 Then, we can construct V and R:

1 |ψ⟩ V
⇝ |ψ1⟩

∥|ψ1⟩∥ with complexity O(C+∥|ψ0⟩∥2C
∥|ψ1⟩∥ ).

Concurrent work: Benôıt & Jérémie
2

|ψ1⟩
∥|ψ1⟩∥

R
⇝ |ψ1⟩

∥|ψ1⟩∥ with complexity O( C
∥|ψ1⟩∥2 ).

3 |⊥⟩ R
⇝ − |⊥⟩ with complexity O

(∥∥∥U ⇝ |⊥⟩|1⟩

∥∥∥2),
where ⟨⊥|ψ1⟩ = 0.

⇒ Annealing: |π⟩⇝ |π′⟩.

Amplitude amplification:

|ψ⟩

∣∣ψ〉
|ψ0⟩|0⟩
∥|ψ0⟩∥

|ψ1⟩|1⟩
∥|ψ1⟩∥

Annealing:

|π⟩
|π′⟩
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2

|ψ1⟩
∥|ψ1⟩∥

R
⇝ |ψ1⟩

∥|ψ1⟩∥ with complexity O( C
∥|ψ1⟩∥2 ).

3 |⊥⟩ R
⇝ − |⊥⟩ with complexity O

(∥∥∥U ⇝ |⊥⟩|1⟩

∥∥∥2),
where ⟨⊥|ψ1⟩ = 0.

⇒ Annealing: |π⟩⇝ |π′⟩.

Amplitude amplification:

|ψ⟩

∣∣ψ〉
|ψ0⟩|0⟩
∥|ψ0⟩∥

|ψ1⟩|1⟩
∥|ψ1⟩∥

Annealing:

|π⟩
|π′⟩

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 12 / 14



Other components: amplitude amplification & annealing

Theorem: (amplitude amplification)

1 Let |ψ⟩ = |ψ0⟩ |0⟩+ |ψ1⟩ |1⟩.
2 Let

∣∣ψ〉 = ∥|ψ1⟩∥
∥|ψ0⟩∥ |ψ0⟩ |0⟩ − ∥|ψ0⟩∥

∥|ψ1⟩∥ |ψ1⟩ |1⟩
3 Suppose U is a transducer:

1 |ψ⟩ U
⇝ |ψ⟩ with complexity C .

2

∣∣ψ〉 U
⇝ −

∣∣ψ〉 with complexity C .

4 Then, we can construct V and R:

1 |ψ⟩ V
⇝ |ψ1⟩

∥|ψ1⟩∥ with complexity O(C+∥|ψ0⟩∥2C
∥|ψ1⟩∥ ).

Concurrent work: Benôıt & Jérémie
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2

|ψ1⟩
∥|ψ1⟩∥

R
⇝ |ψ1⟩

∥|ψ1⟩∥ with complexity O( C
∥|ψ1⟩∥2 ).

3 |⊥⟩ R
⇝ − |⊥⟩ with complexity O

(∥∥∥U ⇝ |⊥⟩|1⟩

∥∥∥2),
where ⟨⊥|ψ1⟩ = 0.

⇒ Annealing: |π⟩⇝ |π′⟩.

Amplitude amplification:

|ψ⟩

∣∣ψ〉
|ψ0⟩|0⟩
∥|ψ0⟩∥

|ψ1⟩|1⟩
∥|ψ1⟩∥

Annealing:

|π⟩
|π′⟩

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 12 / 14



Application to volume estimation

1 Local transducer implementations:
1 Thm: Amplitude amplification.

2 |0⟩ Cv⇝ |∗v ⟩ with complexity O( 1√
ℓx
).

3 |∗v ⟩
Uv⇝ |∗v ⟩ with complexity O( 1

ℓx
).

4 |⊥⟩ Uv⇝ − |⊥⟩ with complexity O(∥|⊥⟩∥2).
2 ⇒ Gibbs reflection:

1 Thm: Amortized quantum walk.

2 Lem: Reff(G , r ;π) ≤ ∥|π⟩∥2

γ [Cor25]

3 |πβ⟩⇝ |πβ⟩ with complexity O(1).
4 |π⟩⇝ |π⟩ with complexity

O(∥|π⟩∥
2

γ +
∫
K

|π(x)|2
πxℓx

dx)

3 ⇒ Annealing transducer
1 Thm: Annealing
2 |πβ⟩⇝ |πβ′⟩ with complexity O( 1√

γ ).

β

Z (β)

β0 β1β2 β3· · ·β∗

δ x

K

A

A⊥
B

B⊥N |π⟩

∣∣f π〉
ΠA⊥

∣∣f π〉 |π⟩
|π′⟩

⇒ Õ(d3 + d1.75/ε)-query algo for vol. est.
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