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Volume estimation

Q Input: By C K C RBy C RY convex.

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 2/14



Volume estimation

Q Input: By C K C RBy C RY convex.

@ Access model: membership oracle
Ok : |x) = (=1)*€K|x), ¥x € RY.
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Volume estimation

Q Input: By C K C RBy C RY convex.
@ Access model: membership oracle
Ok : |x) = (=1)*€K|x), ¥x € RY.

© Goal: Output V such that

\%4
W(K)_l < E.
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Volume estimation

Q Input: By C K C RBy C RY convex.
@ Access model: membership oracle
Ok : |x) = (=1)*€K|x), ¥x € RY.
© Goal: Output V such that
v

‘—VOI(K) - 1‘ <e.

Q No. queries:
Randomized | Quantum
029y [DFKo1] |
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Volume estimation

Q Input: By C K C RBy C RY convex.
@ Access model: membership oracle
Ok : |x) = (=1)*€K|x), ¥x € RY.

© Goal: Output V such that
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W(K)_l < E.
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Randomized | Quantum
0229y [DFK91]

0(%) tLvoe] O(d3 + £2) [CCH+23]

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 2/14



Volume estimation

Q Input: By C K C RBy C RY convex.
@ Access model: membership oracle
Ok : |x) = (=1)*€K|x), ¥x € RY.

© Goal: Output V such that

\%4
W(K)_l < E.

Q No. queries:
Randomized Quantum
0229y [DFK91]

0(%) tLvoe] O(d3 + £2) [CCH+23]
O(d® + £2) [CH23)

£

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 2/14



Volume estimation

Q Input: By C K C RBy C RY convex.
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Volume estimation

Q Input: By C K C RBy C RY convex.
@ Access model: membership oracle
Ok : |x) = (=1)*€K|x), ¥x € RY.
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Volume estimation

Q Input: By C K C RBy C RY convex.
@ Access model: membership oracle
Ok : |x) = (=1)*€K|x), ¥x € RY.
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Volume estimation algorithm overview [CV18]

@ Partition function: )
Z(B) = [cexp(=B1x|7) dx
@ Z(0) = Vol(K).
® Z(5*) independent of K for 5* > 1.

,3*
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Volume estimation algorithm overview [CV18]

@ Partition function: )
Z(B) = [cexp(=B1x|7) dx
@ Z(0) = Vol(K).
® Z(5*) independent of K for 5* > 1.

. . . . xp(—Bllx]12
@ Gibbs distribution: mg(x) oc 2D,

,3*
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Volume estimation algorithm overview [CV18]

© Partition function: )
Z(B) = [ exp(=B|x]") dx
o Z(0) = Vol(K).
® Z(5*) independent of K for 5* > 1.
@ Gibbs distribution: mz(x) o %.

2000 _ 17t Z(Bj-1) Z(B)
@ 75 = lla =5
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Volume estimation algorithm overview [CV18]

© Partition function: )
Z(B) = [ exp(=B|x]") dx
o Z(0) = Vol(K).
® Z(5*) independent of K for 5* > 1.
@ Gibbs distribution: mz(x) o %.
2(0) _yp¢ 2B Z(B)
° Z(ﬁ*E_Hle 2
—TT1 B lexp(— (51— 5) I17)]
J

I
l
I I
1 Il
Bo BB Ps B
Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 3/14



Volume estimation algorithm overview [CV18]

@ Partition function: )
Z(B) = [cexp(=B1x|7) dx
@ Z(0) = Vol(K).
® Z(5*) independent of K for 5* > 1.

@ Gibbs distribution: m5(x) oc ZECAD).

0 2(9)
200 ¢ Z(5-1)
© 767) = =1 =) .
= 1lj=1 XNH’:JFB‘[eXP(_(/Bj—l = Bi) IxI7)]

@ Core idea: Use Monte Carlo estimation.
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Volume estimation algorithm overview [CV18]
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Volume estimation algorithm overview [CV18]

@ Partition function: )
Z(B) = [cexp(=B1x|7) dx
@ Z(0) = Vol(K).
® Z(5*) independent of K for 5* > 1.

@ Gibbs distribution: m5(x) oc ZECAD).

0 2(9)
200 ¢ Z(5-1)
© 767) = =1 =) .
= 1lj=1 XNH’:JFB‘[eXP(_(ﬁj—l = Bi) IxI7)]

@ Core idea: Use Monte Carlo estimation.

© Gibbs sampling: design random walk that |
converges to Gibbs distribution. L

1 Il
Bo BB Ps B
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Random walks

Q@ Random walk:
® Connected undirected graph G = (V, E)

@ Weights w: E — R<. G =
Total weight 3", p we = 1/2. \ /
® Dynamics: P, = TVWWW/ O
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Random walks

@ Random walk:

©® Connected undirected graph G = (V, E)
@ Weights w: E — Ry.

Total weight > . we = 1/2.
® Dynamics: P, = %

w'ev Waw!
@ Properties:
o U(P) g [_1a 1]
@ Unique stationary distribution 7P = 7
with 7, =3 cy Wi > 0.
©® Reversible, i.e., 7, Py = Wy = Ty P .
(detailed balance)
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Random walk mixing
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Random walk mixing

@ Goal: sample from 7.

oo
%

O
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Random walk mixing

@ Goal: sample from 7.

oo
%

O
@ Algorithm:

@ Sample from initial distribution xg ~ p.
@ Sample xj 11 ~ Py forj=1,... t.
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Random walk mixing

@ Goal: sample from 7.

oo
%

O
@ Algorithm:

@ Sample from initial distribution xg ~ p.
@ Sample xj 11 ~ Py forj=1,... t.

@ Spectral gap: o(P) = {---,1—~,1}.
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Random walk mixing

@ Goal: sample from 7.

/ drzrv(zp,fr)
/ ) \
G:()—\U B . o 1\2
\ / dy(er) (M(pllm) = 1) = (max,ev 22 —1)
~ |

@ Algorith > X(plm) = ,cy ::iv 1
gorithm:

@ Sample from initial distribution xg ~ p. dir(pllm) = yey pvin 2
@ Sample xj1 ~ P . for j = 1, - dty (P, ) |
~
Q@ Spectral gap: o(P) ={---,1—7,1}. d(p.m) = Tyev VA — vl

© s, Yool < 12 Poriln) |
d’%V(P’ﬂ-) = (Zvevlpvfﬂ'v‘)2
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Random walk mixing

@ Goal: sample from 7.

oo
%

O
@ Algorithm:

@ Sample from initial distribution xg ~ p.

@ Sample xj11 ~ Py forj:1,...,t

@ Spectral gap: o(P)={---,1—~,1}.
Q@ Mixing: x%(pPt||7) < (1 7)2t 2(p||m).
2(p||m)
)

© No. steps: te@(L
= X*(pPt||m) <e.

)< O(2)

Amortized quantum walks

dfzrv(sz’T)
\ )
dy(em) (M(pllm) = 1) = (max,ev 22 — 1)
| |
2 P,
X(plT) =3 ,ey 7 — 1
dxL(pllm) = 2,cvpyvin £
d"}v(Pﬂr) ‘
~
dZ(p,m) = ,cv VP — VT
2
div(p,m) = (Zvevlpy —mvl)
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Amortized random walk [CV18]
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Amortized random walk [CV18]

@ Random walk: At x € K:

@ Select y € (x+By) N K uv.a.r.
@ Transition to y with probability

exo(=BlyI")
min{L, Bl - A
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Amortized random walk [CV18]

@ Random walk: At x € K:

@ Select y € (x+By) N K uv.a.r.
@ Transition to y with probability

exp( Bllyl\)
min{1, e (BixI?)
@ Problem: getting stuck in “corners”
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Amortized random walk [CV18]

@ Random walk: At x € K:

@ Select y € (x+By) N K uv.a.r.
@ Transition to y with probability

exp( Bllyl\)
min{1, e (BixI?)
@ Problem: getting stuck in “corners”

@ Solution: M(pP*||7) < M(p||7).

K

M(p|w) = max,ev £
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Amortized random walk [CV18]

@ Random walk: At x € K:

@ Select y € (x+By) N K uv.a.r.
@ Transition to y with probability

exp( BIIyH)
min{1, e (BixI?)
@ Problem: getting stuck in “corners”

@ Solution: M(pP*||7) < M(p||7).
© Cost: (tth time step):

o VN]%Pt[Ct] = ZveV(PPt)va < K
M(th||7T) Zv ﬂ—VCV S v
Mip|) E[C]. M(p||T) = max,ev £
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Amortized random walk [CV18]

@ Random walk: At x € K:

@ Select y € (x+By) N K uv.a.r.
@ Transition to y with probability

exp( BIIyH)
min{1, e (BixI?)
@ Problem: getting stuck in “corners”

@ Solution: M(pP*||7) < M(p||7).
© Cost: (tth time step):

o VN]%Pt[Ct] = ZveV(PPt)va < K
M(th||7T) Zv ﬂ—VCV S v
Mip|) E[C]. M(p||T) = max,ev £

@ Total cost: 5(% E [C]).
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Amortized random walk [CV18]

@ Random walk: At x € K:

@ Select y € (x+By) N K uv.a.r.
@ Transition to y with probability

exo(=BlyI")
min{1, oI -

@ Problem: getting stuck in “corners”
@ Solution: M(pP*||7) < M(p||7).
© Cost: (tth time step):

o VN]%Pt[Ct] = ZveV(PPt)va <

M(th||7T) Zvev m,C, <
M(pli) E [C)

@ Total cost: 5(% E [C]).

@ Obstacle: Quantization?
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Quantum walks
Goal: Reflect through |m) = > v /7v |v).
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Quantum walks

Goal: Reflect through |m) = > v /7v |v).
Notation:

Q |*v) =D ev VPww) € cv.
Q@ N :|v)[0) = |v) %) € (CV)*2.
© SWAP : |v,w) — |w,v) € (CY)®2.
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Quantum walks

Goal: Reflect through |m) = > v /7v |v).
Notation:

@ |+) =Y ey VPuw|w) €CY.
@ N: [v)[0) 1 [v)]+,) € (CV)22.
© SWAP : |v,w) — |w,v) € (CY)®2.
Input: canonical transducers:
@ Star-state construction: C, : |0) — |*,)
@ Star-state reflection: U, = 2 |x,) (x,| — I.
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Quantum walks

Goal: Reflect through |m) = > v /7v |v).
Notation:

@ ) = Xyev VPuw) e CV.

@ N V) [0) = v) |+,) € (CV)22.

© SWAP : |v,w) — |w,v) € (CY)®2.
Input: canonical transducers:

@ Star-state construction: C, : |0) — |*,)

@ Star-state reflection: U, = 2 |x,) (x,| — I.
Quantum walk operator:

U= (@(2 %) (x| — /)) SWAP

veV

~~

=R
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Quantum walks

Goal: Reflect through |m) = > v /7v |v).
Notation:

@ ) = Xyev VPuw) e CV.

@ N V) [0) = v) |+,) € (CV)22.

© SWAP : |v,w) — |w,v) € (CY)®2.
Input: canonical transducers:

@ Star-state construction: C, : |0) — |*,)

@ Star-state reflection: U, = 2 |x,) (x,| — I.
Quantum walk operator:

U= (@(2 %) (x| — /)) SWAP

veV

~~

=R
N|r) lﬂ)N‘ﬂ'>
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Two reflections lemma [ARZ26]
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Two reflections lemma [ARZ26]

© Quantum walk operator:
U= (B,ev(2l#) (x| — 1)) SWAP

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 8/14



Two reflections lemma [ARZ26]

@ Quantum walk operator:

U= (B,cv(2]*v) (xv| — 1)) SWAP
= (2Ma— 12N —1)

@ A=Span{|v)|*,):veEV}C(CV)*?
@ B =Span{|v,w)+|w,v):v,we V}C (CV)®?2
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Two reflections lemma [ARZ26]

@ Quantum walk operator:
U= (B,cv(2]*v) (xv| — 1)) SWAP
=204 = NH(2Np — 1)
@ A=Span{|v)|*,):veEV}C(CV)*?
@ B =Span{|v,w)+|w,v):v,we V}C (CV)®?2
@ Lemma: U= (2M4— (2N —1)
© V) € ANB: |v) < ) with catalyst 0.
@ |[¢) e AN(ANB)*:: |¥) 4 |4) with catalyst
|V> = (HAL — I_IAL I_IBL HAL)+HBL ‘@>
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Two reflections lemma [ARZ26]

@ Quantum walk operator:
U= (B,cv(2]*v) (xv| — 1)) SWAP
=204 = NH(2Np — 1)
@ A=Span{|v)|*,):veEV}C(CV)*?
@ B =Span{|v,w)+|w,v):v,we V}C (CV)®?2
@ Lemma: U= (2M4— (2N —1)
© V) € ANB: |v) < ) with catalyst 0.
@ |[¢) e AN(ANB)*:: |¥) 4 |4) with catalyst
|V> = (HAL — I_IAL I_IBL HAL)+HBL ‘@>
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Two reflections lemma [ARZ26]

@ Quantum walk operator: At B
U= (B,cv(2]*v) (xv| — 1)) SWAP
=204 = NH(2Np — 1)
@ A=Span{|v)|*,):veEV}C(CV)*?
@ B =Span{|v,w)+|w,v):v,we V}C (CV)®?2
@ Lemma: U= (2M4 — 1)(2MNg — 1) A
© V) € ANB: |v) < ) with catalyst 0. Bt
@ |[¢) e AN(ANB)*:: |¥) 4 |4) with catalyst
|V> = (HAL — I_IAL I_IBL HAL)+HBL ‘@>

] st i) s [0
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Two reflections lemma [ARZ26]

@ Quantum walk operator: At
U= (B,cv(2]*v) (xv| — 1)) SWAP
=204 = NH(2Np — 1)
@ A=Span{|v)|*,):veEV}C(CV)*? ,,,,|\,/>,
@ B =Span{|v,w)+|w,v):v,we V}C (CV)®?2 l
@ Lemma: U= (2M4 — 1)(2MNg — 1) — A
© V) € ANB: |v) < ) with catalyst 0. Bt
@ |[¢) e AN(ANB)*:: |¥) 4 |4) with catalyst
|V> = (HAL — I_IAL I_IBL HAL)+HBL ‘@>

0 0 0
s s )

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 8/14



Two reflections lemma [ARZ26]

@ Quantum walk operator:
U= (B,cv(2]*v) (xv| — 1)) SWAP
=204 = NH(2Np — 1)
@ A=Span{|v)|*,):veEV}C(CV)*?
@ B =Span{|v,w)+|w,v):v,we V}C (CV)®?2
@ Lemma: U= (2M4— (2N —1)
© V) € ANB: |v) < ) with catalyst 0.
@ |[¢) e AN(ANB)*:: |¥) 4 |4) with catalyst
|V> = (HAL — I_IAL I_IBL HAL)+HBL ‘@>
© Result:
© N|m) 2 N|r) with catalyst 0.
@ N|7) 2 N|7), whenever (7|r) = 0.

Arjan Cornelissen (Cambridge University) Amortized quantum walks
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Two reflections lemma [ARZ26]

@ Quantum walk operator:
U= (B,ev(2%) (x| — 1)) SWAP
=204 = NH(2Np — 1)
@ A=Span{|v)|*,):veEV}C(CV)*?
@ B =Span{|v,w)+|w,v):v,we V}C (CV)®?2 i

@ Lemma: U= (2M4— (2N —1) —
0 |[v)e ANB: |v) N [1) with catalyst 0.

@ |[¢) e AN(ANB)*:: |¥) 4 |4) with catalyst
lv) = (Mqe — M MpeNge ) Nge |9).

Q Result: [|¢>] 2N [!1@ 2Ma-! [

© N ) % N|r) with catalyst 0.

@ N |7) < N|7), whenever (7|r) = 0. [!w}] 2N {— W}] 2N {— ¥

@ Question: What is this catalyst state?
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Electrical networks

A= Span{|v) [+,) : v € V}
B = Span{|v,w) + |w,v) : v,w € V}
Q
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Electrical networks

© Properties:
@ Resistance: r: E — Rsq, rpy = 1/wyy,.
w)

= %) =X nev \/ﬁiﬁ

A= Span{|v) [+,) : v € V}
B = Span{|v,w) + |w,v) : v,w € V}
Q
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Electrical networks

© Properties:
@ Resistance: r: E — Rsg, fw = 1/ Wiy
= ) = ey 7 W)
@ Flows: |f) =", cr fowy/Tow lvw) € B+
= fow = —fuv.

A= Span{|v) [+,) : v € V}
B = Span{|v,w) + |w,v) : v,w € V}
Q
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Electrical networks

© Properties:
@ Resistance: r: E — Rsg, fw = 1/ Wiy
= ) = ey 7 W)
@ Flows: |f) =", cr fowy/Tow lvw) € B+

= fvw = _fwv- A
@ Net-flow: (6f)y =Y., fow- 1
ey =0 .

A= Span{|v) [+,) : v € V}
B = Span{|v,w) + |w,v) :v,w € V}
Q
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Electrical networks

© Properties:
@ Resistance: r: E — Rsg, fw = 1/ Wiy
= ) = Tey 72— W)
@ Flows: |f) =", cr fowy/Tow lvw) € B+
= foy = —fov-
© Net-flow: (6¢)y =>_,, fow-

1
= .ev(dr)y =0. B
@ Effective resistance:

Rt (G, r; T) = minf.s,—= |||f>||2

A= Span{|v) [+,) : v € V}
B = Span{|v,w) + |w,v) :v,w € V}
Q
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Electrical networks

© Properties:
@ Resistance: r: E — Rsg, fw = 1/ Wiy
= ) = Tey 72— W)
@ Flows: |f) =", cr fowy/Tow lvw) € B+
= foy = —fov-
© Net-flow: (6¢)y =>_,, fow-

1
= .ev(dr)y =0. B
@ Effective resistance:

Rt (G, r; T) = minf.s,—= |||f>||2

Q@ Lemma: Malf) =N oy (jfwl [v)-

A= Span{|v) [+,) : v € V}
B = Span{|v,w) + |w,v) :v,w € V}
Q
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Electrical networks

© Properties:
@ Resistance: r: E — Rsg, fw = 1/ Wiy
= ) = ey 7 W)
@ Flows: |f) =", cr fowy/Tow lvw) € B+
= foy = —fov-
© Net-flow: (6¢)y =>_,, fow- n
= Y,ev(0r)y = 0. B

@ Effective resistance: ,
Ret (G, r;T) = minf.s,—7 |||f>||

A = Span{|v) |+,) 1 v € V}
@ Lemma: Ny |f) :NZveV \/ﬁ F V). B = Span{|v,w) + |w,v) :v,w € V}
@ (7lm) = 0= [7) = X,cv J£ V), <
where T is a net-flow.
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Electrical networks

© Properties:
@ Resistance: r: E — Rsg, fw = 1/ Wiy
= ) = ey 7 W)
@ Flows: |f) =", cr fowy/Tow lvw) € B+
= fow = —fuv. <
0 Net-flow: (6¢)y = 3, fow- Nm) i
= Y,ev(0r)y = 0. B

@ Effective resistance: ,
Ret (G, r;T) = minf.s,—7 |||f>||

A= Span{|v) [x,) : v e V}
@ Lemma: Ny |f) :NZveV \/ﬂ F V). B = Span{|v,w) + |w,v) :v,w € V}
O—Q

© (7lm) = 0= 1) = ¥,y T 1),
where T is a net—ﬂow

Q Conclusion: N |7) ~ —N|7T> with
complexity Reg(G,r;T) — 1.
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Input-invariant reflection transducer
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Input-invariant reflection transducer

@ Theorem: U acts as
© N 7)< N|r) with complexity 0
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.
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Input-invariant reflection transducer

@ Theorem: U acts as
© N 7)< N|r) with complexity 0
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.

@ Problem: depend on the input.
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Input-invariant reflection transducer

@ Theorem: U acts as
© N 7)< N|r) with complexity 0
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.

@ Problem: depend on the input.

© Naive solution:
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Input-invariant reflection transducer

@ Theorem: U acts as
© N 7)< N|r) with complexity 0
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.

@ Problem: depend on the input.

© MNaive solution:
o il = | N’ﬂf >
N [£7) Mae |F7)
— |
U R |
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Input-invariant reflection transducer

@ Theorem: U acts as
© N 7)< N|r) with complexity 0
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.

@ Problem: depend on the input.

© Naive solution:
o il = | N WL >
N [£7) Mae |F7)

— |7
i e
© Feeds everything into V.
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Input-invariant reflection transducer

@ Theorem: U acts as o _
o N|m) L N |r) with complexity 0 @ More efficient construction:
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.

@ Problem: depend on the input.

© Naive solution:

© Ly e [ ]

— |7
o
© Feeds everything into V.
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Input-invariant reflection transducer

@ Theorem: U acts as
© N 7)< N|r) with complexity 0
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.

@ Problem: depend on the input.

© Naive solution:
o il = | N WL >
N [£7) Mae |F7)

— |7
i e
© Feeds everything into V.
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Input-invariant reflection transducer

@ Theorem: U acts as
© N 7)< N|r) with complexity 0
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.

@ Problem: depend on the input.

© Naive solution:
o il = | N WL >
N [£7) Mae |F7)

— |7
i e
© Feeds everything into V.
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Input-invariant reflection transducer

@ Theorem: U acts as o '
o N|m) L N |r) with complexity 0 @ More efficient construction:
@ N |[7) % —N|7) with complexity
R (G, r;7) — 1.
© Public space:
A = Span{|v) |*,) : v € V}.
@ Private space: A'.

@ Problem: depend on the input.

© Naive solution:

© Ly e [ ]

© Benefit: Less weight on V.

— |7 . . .
R + = @ = smaller transduction complexity in
N [F7) ) A
T sequential composition
© Feeds everything into V.
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Adversary bound optimization
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Adversary bound optimization

@ Result: canonical transducer V:
o |m M |7) with complexity
2
Ui, | )

2
0 (vlﬁr Gy + B,
2
Uv5|*V>H )

o |7) M |7) with complexity
)

O(Rest(G, i) — |Hf>||22
+2vev lTle (‘ Cvi|o>H +‘

+ Coev || Ubuiann i
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Adversary bound optimization

@ Result: canonical transducer V:
o |m M |7) with complexity
2
Ui, | )

2
0 (vlﬁr Gy + B,
2
Uv5|*V>H )

o |7) M |7) with complexity
)
@ Optimization:

_ —\ 12
O(Rear(G, ;) — [|[m)l
@ Convert: transducer — adversary sin

72 2
+2vev 5o (‘ CV£|0>H +‘

+ Coev || Ubuiann i
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Adversary bound optimization

@ Result: canonical transducer V:

o |m) M |7} with complexity @ ,/ﬂvajlo
2 2
o E ), + E >H _ Vi = EB\/WTU e
VAT VAT v VeV

o |7 M |7) with complexity
O(Retr(G, ;) — ||Im)?

_ 2 2 ™
SO (T e;r::‘fc@

U 2 veV 10)
+ Zoew [Wigionn iem | ) Vim = | @ =Lu,g,

S ev
@ Optimization: Y

@ Convert: transducer — adversary sin
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Adversary bound optimization

@ Result: canonical transducer V: 0
© |) % |x) with complexity G?/\/chvﬂm
2 2 ve
(0] ( E Cvim)H + E Uvil* >H ) Vih—) = @V, /WvUvil*v>
VT VT v ve
o |7 M |7) with complexity :
O(Ret (G, r;7) — IHW>II22 . )
|72 Mo |F7
S (1 O '
ol I veeavl’fvv‘ Coig
+2vev H Uvi(<v|®/)nAL\f?> ) Viim = D 'TT—VFUvil* )
vev Y v

@ Optimization:
@ Convert: transducer — adversary sin
@ Optimize: remove part of the vector
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Adversary bound optimization

@ Result: canonical transducer V: 0
© |) % |x) with complexity G?/\/chvﬂm
2 2 ve
(0] ( E Cvim)H + E Uvil* >H ) Vih—) = @V, /WvUvil*v>
VT VT v ve
o |7 M |7) with complexity :
O(Ret (G, r;7) — IHW>II22 . P
|72 Mo |F7
S (1 O '
ol I veeavl’fvv‘ Gt
+2vev H Uvi(<v|®/)nAL\f?> ) Viim = D 'TT—VFUvil* )
vev 7 v

@ Optimization:
@ Convert: transducer — adversary sin
@ Optimize: remove part of the vector
@ Convert: adversary sln — transducer
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Adversary bound optimization

@ Result: canonical transducer V: 0
© |) % |x) with complexity G?/\/chvﬂm
2 2 ve
(0] ( E Cvim)H + E Uvil* >H ) Vih—) = @V, /WvUvil*v>
VT VT v ve
o |7 M |7) with complexity :
O(Ret (G, r;7) — IHW>II22 . P
|72 Mo |F7
S (1 O '
ol I veeavl’fvv‘ Gt
+2vev H Uvi(<v|®/)nAL\f?> ) Viim = D 'TT—VFUvil* )
vev 7 v

@ Optimization:
@ Convert: transducer — adversary sin
@ Optimize: remove part of the vector Open question: time-efficiency?
@ Convert: adversary sln — transducer
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Other components: amplitude amplification & annealing
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Other components: amplitude amplification & annealing

Theorem: (amplitude amplification) Amplitude amplification:
O Let [¢) = [to) [0) + [¥1) [1). [EYE)
O Let W}> |H¢1 || |¢ )10) — |||¢ )[1) 2l )
oot
%)
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Other components: amplitude amplification & annealing

Theorem: (amplitude amplification)

Q Let [¢) = [¢0) [0) + [¢1) [1).

Amplitude amplification:

it
1
@ Let [¢) = X8l yo) [0) — 122l u) |1) 1)
© Suppose U is a transducer. o o)
o |Y) % |1)) with complexity C. [0} ]
(2] |E> & |E> with complexity C.
|9)
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Other components: amplitude amplification & annealing

Theorem: (amplitude amplification)

Amplitude amplification:
© Let [9) = [1o) [0) + [v) 1) iy
@ Let [¢) = X8l yo) [0) — 122l u) |1) 1)
© Suppose U is a transducer. 160)/0)
o |Y) % |1} with complexity C.

[0} ]
(2] |E> & |@> with complexity C.

Q@ Then, we can construct V and R:

¥)
o |1/J> |H¢ H with complexity O(M)_

M)l
Concurrent work: Benoit & Jérémie

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 12/14



Other components: amplitude amplification & annealing
Theorem: (amplitude amplification) Amplitude amplification:
O Let [¢) = [¥0) [0) + [¢1) [1). %
1
@ Let [¢) = X8l yo) [0) — 122l u) |1)

)
© Suppose U is a transducer. o) o)
o |Y) % |1)) with complexity C. [0} ]

[> ST & ) with complexity C. -
@ Then, we can construct V and R: |¢>
o |’L/J> le H with complexity O(%W)
Concurrent work: Benoit & Jérémie

1) R gy X
o leb” Ty with complexity O(

c
||W1>H2)' )
o |l N |L) with complexity O (HUi|l>|1>H )

where (L]i)1) = 0.

Arjan Cornelissen (Cambridge University) Amortized quantum walks September 15th, 2026 12/14



Other components: amplitude amplification & annealing
Theorem: (amplitude amplification) Amplitude amplification:
O Let [¢) = [¥0) [0) + [¢1) [1). %
1
@ Let [¢) = X8l yo) [0) — 122l u) |1)

© Suppose U is a transducer.

[¥)

|%0)10)
o |Y) % |1)) with complexity C. [0} ]

(2] |E> & |E> with complexity C. -
Q Then, we can construct V and R: |¢>

o |1/J> |H¢ H with complexity O(M)_

M)l
Concurr?ent work: Benoit & Jérémie
e umu vt with complexity Of

Annealing:

')

T
o |l) & | L) with complexity O (Huiu)ll}HQ):
where (L]i)1) = 0.
= Annealing: |m) ~ |7').

|m)
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Application to volume estimation

Bo BB2 B3 B* Y
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Application to volume estimation

@ Local transducer implementations: Z(8)
@® Thm: Amplitude amplification.

@ |0) S [*,) with complexity O(ﬁ)- Q‘

0 [*,) % |*,) with complexity O(%)_
@ |L) % —|L) with complexity O([[|-L)|). Bo B B3 - B K
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Application to volume estimation

@ Local transducer implementations: Z(8)
@® Thm: Amplitude amplification.

@ |0) S [*,) with complexity O(ﬁ)- Q‘

o |x,) % [*y) with complexity O(%)

o |Ll) % | L) with complexity O([[|.L)[|?). Bo B2 B3 B* K
@ = Gibbs reflection:

@® Thm: Amortized quantum walk.

@ Lem: Rg(G,r;m) < M [Cor25]

© |mg) ~» |mg) with complexity O(1).

Q |T) ~~ |T) with complexity

72 7(x)|2
O(”IJH +fK|7r(X£)X| dx)
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Application to volume estimation

@ Local transducer implementations: Z(8)
@® Thm: Amplitude amplification.

@ |0) S [*,) with complexity O(ﬁ)- Q‘

o |x,) % [*y) with complexity O(%)

o |Ll) % _ | L) with complexity O([[|.L)[|?). Bo B2 B3 B* K
@ = Gibbs reflection:

@® Thm: Amortized quantum walk.

@ Lem: Rg(G,r;m) < M [Cor25]

© |mg) ~» |mg) with complexity O(1).

Q |T) ~~ |T) with complexity

O(Hlﬂl\2 + [ |?(><£)I2 dx)
¥ Tl

© = Annealing transducer

® Thm: Annealing

@ |ms) ~ |ma) with complexity O(%)
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Application to volume estimation

@ Local transducer implementations: Z(8)
@® Thm: Amplitude amplification.

@ |0) S [*,) with complexity O(ﬁ)- Q‘

o |x,) % [*y) with complexity O(%)

o |Ll) % | L) with complexity O([[|.L)[|?). Bo B2 B3 B* K
@ = Gibbs reflection:
@® Thm: Amortized quantum walk.
@ Lem: Rg(G,r;m) < M [Cor25]
© |mg) ~» |mg) with complexity O(1).
Q |T) ~~ |T) with complexity
O(Hlﬂl\2 + [ If(><£)|2 dx)
¥ by
© = Annealing transducer
® Thm: Annealing ~ 3 175
@ |mp) ~ [mp) with complexity O(-%). = O(d> + d*">/e)-query algo for vol. est.
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ajcornelissen@outlook.com
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